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1 Complex Numbers
1.1 Euler’s Formula

eIt = cos(t) + jsin(t)
2 Linear Algebra

2.1 Linearly Independent

A square matrix B is invertible if

det(B) # 0

3 Dirac Delta Distribution

6(m—a):{0 for x # a

oo forx=a

3.1 Unit Impulse Properties

3.2 Dirac Delta Integrals

Area under the distribution is 1:

/OO §(z — a)dz = 1

/_lé(m—a)d:v:/:oé(m—a)dx:;



Sampling/Shifting Property:

4 Vector Spaces

4.1 R" Inner Product

N-1
(@,y) = > a[n]y[n]
n=0
4.1.1 Properties
Symmetry:
(z,y) = (y,7)
Self product:
N—1
(w,2) = > ([n])* = |||
n=0
Distributive:

<I7a1y =+ OéQZ) = <Z‘,y> + Q2 <l',y>

4.1.2 Projection Z,y,

4.1.3 2-Norm




4.1.4 Angle

cos(@) — zenl _ 142.9)]
[l [l ]yl
4.2 C¥ Inner Product
N-1
(z,y) = ) z[nly[n]”
n=0
4.2.1 Properties
Conjugate Symmetry:
(z,y) = (y,2)"
Self product:
N-1
(x,2) = )  anlz[n]” = ||
n=0

Conjugate Distributive:

(o + aoy, 2) = aq (T, 2) + az (y, 2)
(x, 0y + agz) = o (z,y) + a3 (v, y)

4.2.2 Projection Z,p

= Y _ @)
P ) yl?
Q*OL t:’g7<x7y>y~
= o =
YY)

4.2.3 2-Norm

n=0 n=0
N—-1
lel? = 3 (el aln))
n=0
N—-1
e —yl| = J S (aln] — y{n))*(zln] - yln])
n=0
4.2.4 Angle
ol L9)]
0s(6) ="l = Tl Tl



4.3 Cauchy-Schwarz Inequality
| (z,9) |

0< =cosf<1
e
5 Series
5.1 Arithmetic Series
N
Z a=-n(n+1)
n=0

5.2 Geometric Series

For -1 <r<1

6 Continuous Time Signals

6.1 Frequency and Period

Towo = 27
6.2 Even Component
Toven(t) x(t) -I-Qx(—t)
6.3 0Odd Component
o) = 02

6.4 Energy

6.5 Average Power

1 2
Py = / |lz(t)|%dt

to —t1 Jy,



6.6 Synthesis

Approximation:

K
Bt) = Y apeln
k=—K

Exact (Continuous Time Fourier Series):
oo
Pl =i = Y ael
k=—o0

6.7 Analysis

1 [T -
ap = — z(t)e 170t dt
To Jo )

6.8 Parseval’s Relation

Ty/2 00
Pavy = / a@Pdt= S Jaf?
To

—To/2 k=—oc0

7 Discrete Time Signals

7.1 Frequency and Period
A DT signal is periodic if

z[n] = z[n + N|

For a signal z(t) to be periodic,

vpNg = 2wk for some integer k

2

wg = —
0 No
Vv = Wk

7.1.1 Constant DT Signal

Any constant DT signal is periodic for all N € Z, with

N()Z].



7.1.2 Complex Exponential DT
For a complex exponential DT signal (e.g. z[n] = e/“°™) to be periodic,

wo
— €
2 Q

(52 must be rational)

woNQZZﬂ'k, keZ

And e7¥o™ is always a 27 periodic function of frequency

7.1.3 Aliasing

Different CT signals can produce the exact same DT signal when sampled
zpr(n] = zor(t)|=r,
cos((2m/8)n) = cos((27/8 + 2m)n) = cos((27/8 + 4m)n)
7.2 Even Component

x[n] + z[—n]
2

Teven [TL] =

7.3 0Odd Component

7.4 Energy

7.5 Average Power

7.6 Special Signals
7.6.1 DT Unit Step



7.6.2 DT Unit Impulse

= {0 7

7.7 DT Basis

Qbk[n] — ejukn _ ejwokn

7.8 DT Orthogonality Principle

1! 1 n=1
el Z plwok(n—1) _ n=
No 0 n#l

k=0
No—1
OZ ejwok(n—l) _ {NO n=1
Pt 0 n#l
7.9 Synthesis
Approximation:
K—1 K-1
Prcln) = apet =" argrln]
k=0 k=0
Exact (Discrete Time Fourier Series):
No—1
wln] = iy ] = 3 apelobn
k=0
7.10 Analysis
1 No—1
—3 ok
ak—ﬁo HZ:O x [n] e7IWeRn

7.11 H Matrix

The matrix H (also called the Discrete Fourier Transform Matrix) is symmetric and has complex
elements

Hkn _ 67jwokn

1 1 1 1

1 eIwo e w0 (2) e Jwo(No—1)
H=11 e—Jwo(2) e—Jwo(4) e—Jwo(2)(No—1)

1 emdwoNo—1) g=iwo@No=1)  g—jwo(No—1)(No-1)



7.12 G Matrix

Gkn _ ejumkn

1 1 1 1

1 eleo eIwo(2) elwo(No—1)
G= 11 eJwo(2) eJwo(4) edwo(2)(No—1)

1 ewnNo-1)  giwo@(No—1)  gjws(No—1)(No—1)

7.13 Relationship Between H and G

1
—GH-=1
No

HHY = HG = NyI

Where I is the Identity Matrix

Hyp = Gy
Additionally, H and G are Hermitian conjugates

G=H"Y

7.14 Matrix Vector Notation for DTFS

z[0]
x[1]
x = x[2]

Iy, = Ga = FGHm

7.15 Numerical Approximation for CTFS with DTFS
7.15.1 CTFS definition



7.15.2 DTFS sampling of CTFS
Tt (t)|t:nTs = xct(nTS) = x[n]
To ensure x[n] periodic, need to sample integer number of times per period Ty:

T, ==L
No

where
e Ny is the number of samples per period
e T is the sampling rate

7.15.3 CTFS approximation

No+1
~ E —jwok(nT.
act,k: ~ T xct(nTS)Tse Jwok(n S)
0
n=0

No—1 No—1
7. ho 0

2 ke (nT 1 .

Qet | = - i § : g;[n]e I Ty (nTs) _ - E T [n] e Jwokn _ Qath
To ) Ny ‘

n= n=

8 Geometric DTFS

a= (g, a1, .es ANy—1)
x = (2[0], z[1], ..., z[No — 1])
o = (1, F0k(D)_giwok(®) _ ciwok(No=1))
8.1 Orthogonal Basis
drn] = 2ok n e {0,...,Ng — 1}

8.2 Orthogonality Principle

Nofl .
_ ) x NO k= ]
(0, b5) = ; Pr[n]o;n]* = {0 -y

These Ny vectors form an orthogonal basis for I5([0, Ng — 1])

8.3 Analysis

1 ~ ok 1 1 - .
<§;’Zi> = FOJET% =N, > xlnlrln]” = No 2 zln]e Iw0kn

o =



9 Discrete Time Systems

9.1 Notation

T{x} is the entire output signal
T{x}[n] is the value of the output signal at time n € Z

9.2 Finite Impulse Response Systems
M
y=Tle} = b
k=0

y[n] = bozx[n] + brz[n — 1] + ... + byra[n — M|
Where M is the order of the FIR filter

9.2.1 Impulse Response Case

M
b, 0<n<M
= bidn—kl =4 " -~
yln] ];) k0l ] {O otherwise

9.3 Memoryless

A DT system T is memoryless if y[n] only depends on time instance x[n]

e y[n] = z[n] is memoryless
e y[n] = (x[n])? is memoryless
e y[n] = z[n — 1] is not memoryless

Additionally, if

hin]=0 Vn#0

Then the system is memoryless

9.4 Causality

A DT system T is causal if y[n] only depends on present and past inputs (not future inputs).

e y[n] = z[n] is causal
e y[n] = z[n — 1] is causal
e y[n] = z[n + 1] is not causal

Additionally, if

hin]=0 VYn <0

Then the system is causal

10



9.5 Stability
9.5.1 Bounded Signal
A DT signal is bounded if there exists A > 0 for

zn] <A VneZ

9.5.2 BIBO Stability

A DT system T is Bounded-Input Bounded-Output (BIBO) Stable if for any bounded input
x, the output y = T'{z} is also bounded

9.5.3 Absolutely Summable

A DT LTI system is BIBO Stable if and only if h[n] is absolutely summable

oo

> |hfn)| < oo

n=—oo

9.6 Invertibility
A DT system T is invertible if there exists another DT system T}, such that

va{T{x}} = T{Tinv {x}} =z

for all x

9.7 LTI Systems
9.7.1 Time-Invariance

A DT system T is time-invariant if for any input = and output signal y = T{z},
Yo =yln — k| = T{x}

9.7.2 Linearity

A DT system T is linear if for any input signals 2!, 22

T{oqz" + a2} = oy T{z'} + axT{2?}

Or in general (Superposition Principle)
n n
T Zozjxj = ZajT{x]}
j=1 j=1

9.8 Pulse Train Decomposition

9.8.1 Basis of Vector Space for all DT Signals
ér = Oy,

11



9.8.2 Synthesis

Z L v= 2 alklh
9.8.3 Analysis
o = 7 (2, 0%) = all]

(P, D)
9.9 Series Connection of LTI Systems

S, BN, N B

y=hoxZ=hox(hyxx)=(haxhy)*zx

h="hg*xhy = hy*hy

9.10 Parallel Connection of LTI Systems

y=T{z}+To{z} =hixx+hoxx=(h1 +ho) *zx

h = (h1 + hs)

10 Convolution

oo

vry= 3 wln—H-ylk

k=—o0

Ty = /O; o (O)y(r)dr = /O; ot — T)y(r)dr

10.1 Commutative Property

oo

THY=Y*T = Z x[k] - y[n — k]

k=—c

ry=yra= [ Z ery(r)dr = [ yaloyetrrar

— 00

12



10.2 Associative Property

(xxy)xz=x%(y*z)

10.3 Linearity Property
xx(ay+Pz) =xxay+xx* Pz

10.4 Basic Convolutions
10.4.1 Unit Impulse
10.4.2 Unit Step

11 Impulse Response

The impulse response h of T is defined to be the output of T" in response to an impulse input &g
at time n =0

h=T{éo}

y=1[f) — h=f(0)

11.1 TImpulse Convolution

For any signal x

ylnl = Y hln—kalkl= > hlllzn -]

k=—0c0 l=—c0

y(t) = /_ S e ((r)dr = / T nt = ya(r)dr

— 0o

12 Discrete-Time Systems in Frequency

12.1 DT Complex Exponential Signal

o] = AP0 = Aellcn

13



12.2 Frequency Response

oo

H(e*)= > hlkle 7"

k=—o0

For LTI Systems, and with a input Complex Exponential DT Signal z[n] = Ae/?e/*",

y=T{z} = l Z h[k]e_j“’k] T

k=—o0
y=T{z} = H(*)z
12.2.1 Frequency Response Notation
Usually, frequency response is written in polar form,

H(e) = | H(e) el 1)
y=H(e)r = |H(ej“’)|ej4H(ejw)Aejeejw”
y = A|H(&*)|SOF+AH D) gon

12.2.2 LTI System Observations
12.2.3 Eigenfunction Property

An LTI system produces a DT exponential output (with the same frequency) as the input DT
exponential

12.2.4 Amplitude Scaling
An LTI system scales the amplitude of the input signal by |H (e/*)|

12.2.5 Phase Shifting
An LTI system shifts the phase of the input signal by /H (e’“) radians

12.2.6 Periodicity

The frequency response H(e’*) has a period

T, =2m
Or,

H(ej(w+27fl)) — H(ej“’)

14



12.3 Conjugate Symmetry
If the impulse response h of a DT LTI system is real-valued, then the frequency response H is
conjugate symmetric,

H(“) = H(e™¥) VweR

|H(e%)| is an even function of w € R
ZH(e’*) is an odd function of w € R

13 DT Fourier Transform

X(ej“’)z Z x[n]e‘j“””

n=—oo

13.1 Condition for Convergence

If « is absolutely summable, then the DTFT exists

X)) <| > amle | =] Y an]| < oo
13.2 Inverse DT Fourier Transform
x[n] = % X (e7%) e dw
13.3 Frequency Response and DTFT
. H Jw . Y Jw
Y (e?Y) = ngjw; — H(e!) = ((ij))

13.4 Common DTFT’s

| Time Domain #[n] | Frequency Domain X (/%) |

o[n] 1

d[n — no) e~ dwno
evn 216 (w — v)
uln] :

1—e—Jw

13.5 Parseval’s Relation

™

- 2 1 w2
> lelal = 5 [ 1X(e)Pas

n=-—o00 -
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14 Continuous Time Systems

14.1 Memoryless

A CT system T is memoryless if for all ¢ € R, the output value y(¢) depends only on z(t)
e y(t) = (x(t))? is memoryless
e y(t) = z(t — 7) is not memoryless for 7 # 0

Additionally, if

Then the system is memoryless

14.2 Causality

A CT system T is causal if for all ¢ € R, the output value y(¢) depends only on the present and
previous values {z(7)}r<¢

e y(t)
e y(t)

Additionally, if

x(t — 7) is causal for 7 > 0

x(t+ 1) is not causal

h(t)=0 Vt<O0

Then the system is causal

14.3 Stability
14.3.1 Bounded Signal
A CT signal is bounded if there exists A;0 for

() <A VteZ

14.3.2 BIBO Stability

A CT system is Bounded-Input Bounded-Output (BIBO) stable if for any bounded input z,
the corresponding output y = T{z} is also bounded.

14.3.3 Absolutely Summable
A CT LTI system is BIBO Stable if and only if h(t) is absolutely integrable

/°o Ih(t)]dt < oo

— 00

16



14.4 Invertibility

A CT system is invertible if there exists another CT system Tj,,,, such that T, {T{z}} = T{Tin.{2}} =
x for all input signals x

14.5 LTI Systems
14.5.1 Time-Invariance

A CT system T is time-invariant if for any input signal « with output signal y = T'{z}, it holds that
yr = T{z,} for all possible time shifts 7 € R

14.5.2 Linearity

A CT system T is linear if for any input signals z!, 22

T{aiz* + azr?®} = oy T{z'} + auT{z?}

Or in general (Superposition Principle)

T iajxj :zn:ajT{xj}
j=1

j=1

15 Continuous-Time Systems in Frequency

15.1 CT Complex Exponential Signal
2(t) = A0 = Ao0) et

15.2 Frequency Response
H(jw) :/ h(T)e 1“7 dr

For LTI Systems, and with an input Complex Exponential CT Signal z(t) = Aeli?) eliwt)

y="T{z} = [/Z h(T)ejWTdT:| x

y="T{z} = H(jw)x

15.3 Frequency Response Notation

Usually, frequency response is written in polar form,

H(jw) = [H(jw)|e’ V<)
y = H(jw)z = |H(jw)|e102) Aeilere!
y = A|H (jw)|e? O+ 4HGw)) giwt

17



15.4 LTI System Observations
15.4.1 Eigenfunction Property

An LTI system produces a CT exponential output (with the same frequency) as the input CT
exponential

15.4.2 Amplitude Scaling

An LTI system scales the amplitude of the input signal by |H (jw)|

15.4.3 Phase Shifting

An LTI system shifts the phase of the input signal by ZH (jw) radians

15.5 Conjugate Symmetry

If the impulse response h of a CT LTI system is real-valued, then the frequency response H is
conjugate symmetric, meaning

H(jw)" = H(—jw) Yw€R

|H(jw)| is an even function of w € R
ZH (jw) is an odd function of w € R

16 CT Fourier Transform
X(jw) = /OC x(t)e Iwtdt

— 00

16.1 Condition for Convergence

If « is absolutely integrable, then the CTFT exists

|X (jw)| < ’/Z :c(t)ej‘”tdt‘ = ’/OO x(t)dt‘ < o0

16.2 Inverse CT Fourier Transform

1 [ .
x(t) = %/ X (jw)e“ duw

16.3 Frequency Response and CTFT
Y(jw) = H(jw)X (jw)

18



16.4 Common CTFT’s

Time Domain z(t) Frequency Domain X (jw)
ot —1) e JwT
e~ %u(t) 'a_‘_ljw
ult +7/2) — ult — /2) sn(wr/2)
Sm;%t) w(w + wp) — u(w — wp)
et 278 (w — v)
Ty Dheoo €0 7 2ok oo 0w — wok)

16.5 Parseval’s Relation

Let z be a CT signal with CTFT spectrum X. If x is square-integrable, then

| leopd= o [ XG0P

17 Laplace Transform

X(s) = /OO x(t)e *tdt

— 0o

For s = jw, the Laplace Transform is exactly equal to the CTFT

17.1 Transfer Function

Where H(s) is the transfer function

18 Sampling Theory

18.1 Sampling Function

s(t) = i o(t — nTp)

Where Tj > 0 is the Sampling Period
19 Circular Convolution
y=x®h
No—1



20 Trigonometry

20.1 Trigonometric Functions

For any complex number z = x + iy

. el — eIz el* 4 eI
sin(z) = — cos(z) = —
= sin(z) = cos(2) = cos(z) = —sin(z)
20.2 Trig Identities
tan(x) = zg;%z)) CSC(Z’) = sinl(:x)
sec(z) = Cosl(z) cot(x) = ;OZ((;C))
1-— 2
sin?(z) = 1= cos(2z)
2
1 2
cos?(z) = 1+ cos(2z)
2
1 — cos(2x)
tan?(z) = —————
an’(z) 1+ cos(2z)

sin(2x) = 2sin(x) cos(x)
cos(2x) = cos?(z) — sin?(x)
cos(2x) = 2cos?(z) — 1

cos(2x) = 1 — 2sin?(z)

sin(z + y) = sin(x) cos(y) + sin(y) cos(x)
cos(z + y) = cos(x) cos(y) — sin(z) sin(y)

sin(a + B) + sin(a — 8)

sin(a) cos(8) = !
cosfe) o) = 0+ A+ onle =)
sin(a) sin(8) = 3@ = F) = cos(a + f)
20.3 Trig Integral Identities
/Ooo e~ cos(bt)dt = ﬁ

o0 _b
—at _: _
/0 e “sin(bt)dt = P

20



20.4 Hyperbolic Trig Functions
For any complex number z = x + iy

et —e " et +e "
2

sinh(z) =

d . d .
= sinh(z) = cosh(z) - cosh(z) = sinh(z)

20.5 Hyperbolic Trig Identities

2)
coth(z) = g;;;ljg;;

tanh(z) = Sg;ll(é)) csch (z) = ﬁ

sech (z) = m

sinh(—z) = — sinh(z)
cosh(—z) = cosh(z)
cosh?(z) — sinh?(2) = 1
1 — tanh?(z) = sech ?(z)
sinh(x 4+ y) = sinh(z) cosh(x) + cosh(y) sinh(y)
cosh(z + y) = cosh(z) cosh(y) + sinh(y) sinh(y)
sin(z) = sin(z) cosh(y) + 4 cos(x) sinh(y)
cos(z) = cos(x) cosh(y) — i sin(x) sinh(y)

20.6 Sinc Function

sin(x)

sinc(x) =
x
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