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Chapter 1

Introduction and Calculus

1.1 Basic Integrals

1 do — x
2 2 23/2‘7“_ 2 2 2 2 2
(2% +y* +2?) (242222 +y2+ 2

e 1 2
dx =
/OO @2+ g2+ 22320 T 2y 22

1.2 Gradient

Y=y y+ys X
(A LR VRTAL Rl PR R e el Kt

1.2.1 Cartesian

1.2.2 Cylindrical

1.2.3 Spherical

o~ 10,
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VU +V)=VU+VV
V(UV)=UVV +VVU

1.2.4 Gradient Properties
VV"™ =nV" IVV  for any n

1.2.5 Divergence Properties
Cylindrical
0A 0A 0A
A= T Y z
v ox * dy 0z
Cylindrical
10 104, O0A,
A==Z @A)+ =222
v r Or (rdr) + r O0¢ 0z
Spherical
10 1 0 1 04
A= —__(R%A = (Apsin(f)) + ——— —2
VA= g (BAR + iy 5 A0 + 5im s
1.2.6 Curl Properties
Cartesian
g 2
VxA=|& & &
A, A, A,
Cylindrical
NE
Vxa=1l2 2 2
A, rAy A,
Spherical
. R OR  ¢Rsin(h)
— ) 1%} 1é)
VxA= R2sin(9) |9F 99 29
AR RA@ (Rsin(@))A¢
1.2.7 Laplacian Properties
0?A  0*°A  9%A
24—
vid= Ox? + Oy? * 0722

Cartesian
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Cylindrical

2 P— — [
VA= T@r +r23¢2+8z2

10 ( 0A 1024 0924
r or

Spherical

Al L0 (oA, 1 (o oA\ 1 o4
VA= or \"ar) " @ oo "% ) T ) 902

1.3 Surface Integrals

Let f be a continuous scalar-valued function on a smooth surface S given parametrically by r(u,v) = (z(u,v), y(u, v), z(u, v)),
where u and v vary over R = {(u,v) : a <u < b,c <v <d}. Assume also that the tangent vectors

o 0u Oy 0
= = ou o 5w
o 0z By
=50 = 5u 30 50/

are continuous on R and the normal vector ¢, X t, is nonzero on R. Then the surface integral of f over S is

//Sf(””’yvz)dSZ //Rf(x(u’v),y(u,v)w(u, 0)|tu X to|dA

Surface Area = // 1dS = // 1]ty X ty|dA
s R

1.4 Curl and Circulation

1.3.1 Surface Area

Circ:% F-Tds
C

F-Td
Curl = V x F — fjm S F T8
A—0 A

where A is the area enclosed by contour C

o 0 0

CurIZVXF:<%,8—y,%

> x <f(z,y72),g(:c,y,2),h(x,yvz)>

1.5 Divergence and Flux
Flux = §Z§CF -nds

F-nd
Div—V.F — lim Je "9
A—0

where A is the area enclosed by contour C'
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Div=V.F = <%, a%’ %> : <f(:c,y,Z),g(x,yaz)»h(wvy,Z)>

1.6 Vector Identities

1.6.1

1.6.2

1.6.3

1.6.4

1.6.5

Dot Product
A-B=(A,As, A3) - (B1,By,Bs) = AiB1 + AyBy + A3Bs

Cross Product
A; Ay Aj
B, By Bs

Ax B =(Ay,Ay, A3) x (B1,B2,B3) =

Scalar Triple Product
A (Bx(C)=B-(CxA)=C-(AxB)

Divergence/Curl Linearity
V. (A+B)=V-A+V.-B
V. (A+B)=VxA+VxB

Second Derivatives

Source Free Field

V- (VxA)=0

Rotation Free Field

V x (V) =0

Scalar Laplacian

V- (V) = V¥

Vector Laplacian

V(V-A) -V x (VxA) =V34

1.7 Stokes Theorem

circ(F):ygF~dr:/[g(VxF)~ndS
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1.8 Divergence Theorem

ﬂux(F)://SF-nds:///D(V-F)dV

1.9 Coordinate Systems

1.9.1 Change of Variables for Common Coordinate Systems

Coordinates Variables
T y z r 0 P
Cartesian z y z Va2 +y? tan”! &) Vo2 +y?+ 22
Cylindrical 7 cos(f) rsin(f) z T 0 rcsc(f)
Spherical psin(¢)cos(f) psin(@)sin(f) pcos(d)  psin(e) 0 p

1.9.2 Coordinate Dot Products

Cylindrical
P ¢ 2
Z | cos(¢p) | —sin(¢) | 0
g | sin(¢) | cos(¢) | O
z 0 0 1
Spherical
R 0 b
Z | sin(@) cos(¢) | cos(f) cos(¢) | —sin(¢)
7 | sin(0)sin(¢) | cos(f)sin(¢) | cos(¢)
z cos(0) — sin(6) 0
1.10 Trigonometry
1.10.1 Trig Identities
Half Angle Identities
sin?(z) = 1_#3(2“7)
cos?(z) = 1+ cos(2z)
2
2,y 1—cos(2x)
tan®(z) = 1+ cos(2z)

Double Angle Identities
sin(2x) = 2sin(z) cos(x)
cos(2x) = cos?(z) — sin?(x)
cos(2x) = 2cos?(z) — 1
cos(2z) = 1 — 2sin?(z)
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1.10.2 Hyperbolic Trig

sinh(a) = <
cosh(z) = & geﬂ
—
esch () = bin;(x)
sech (z) = Cosi 5
————

1.10.3 Hyperbolic Trig Identities
sinh(—z) = —sinh(x)
cosh(—z) = cosh(x)
cosh?(z) — sinh?(z) = 1
1 — tanh?(x) = sech ?()
sinh(z 4 y) = sinh(z) cosh(x) + cosh(y) sinh(y)
cosh(z + y) = cosh(z) cosh(y) + sinh(y) sinh(y)

1.11 Introduction to Electromagnetics

1.11.1 Constitutive Relations

D =¢E

B=pH

J=0E

1.11.2 Constants
‘ Symbol ‘ Name ‘ Unit ‘

€ Electric Permittivity | F/m
1 Magnetic Permeability | H/m
o Electrical Conductivity | S/m
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1.11.3 Units
‘ Symbol ‘ Name ‘ Equivalent Units ‘
F Farad
H Henri
S Siemens %
R Resistance

1.12 Maxwell Equations

Integral Form Differential Form

P D - ds = Qene V -D = p,
gSSB-dSZO V-B=0
gSOE-dl:O V < EF =20
SBCH-dl:me V< H=J




Chapter 2

Electrostatics

2.1 Charge Densities

2.1.1 Volume

_ lim 22 _ %
Po = Av—0 A’U - dU
2.1.2 Surface
. Agq dq
Ps = lim =7

T Ao As | ds
2.1.3 Line
i D dg
PL= oAl T
2.2 Current Density
J = pyd

i = velocity of charges

2.2.1 Current

Where

e p is the Resistivity
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e ¢ is the Conductivity

2.3.1 Resistivity

l l
R=r3=%5

2.4 Electric Field and Coulomb’s Law

2.4.1 Electrostatic Force

F=qE
2.4.2 Electric Permittivity
€ = €0,
2.4.3 E Field due to Point Charges
Single Isolated Charge
— - q ~
E= 4dreR?
— o q —
b= 4me|R|3

Multiple Isolated Charges

2.4.4 E Field due to Charge Distributions

Volume Distribution
] I 1 A Pv
E= | dE=— —d
/U dre /URR2 !

Surface Distribution

Line Distribution
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2.4.5 E Field due to specific geometries

Finite Line Charge

B = 32 [(sinfan) ~ sinaz))7  (cos(an) ~ cos(az))d

Where r is the shortest vector between the observation point and the line charge (7 perpendicular to line charge)
a1, as are the angles drawn by lines from the observation point P to the ends of the line charge A, B when
compared to the radius

Infinite Line Charge

Ring Charge

bh h
Pl . Q

E= 2
2€0 (b2 + h?)3/2 Ameg (b2 +h2)3/22

Where Q = 27bp;

Finite Circular Disk

For a circular disk with finite radius:

n Ps ~ |h|
E=Ppl1- 2
2" [ va? + hz}
Where a is the radius of the disk
Infinite Circular Disk/Sheet
E="Pe
2¢
2.5 Gauss’s Law
2.5.1 Differential Form
V-D= Pv
2.5.2 Integral Form
D-ds=Q

Applying Divergence Theorem

/V-de: D-ds=0Q
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2.6 Electric Potential (Voltage)

Pg_’ o
E-dl

Vor=Vo =V =—
Py
P — —
V= —/ E-dl
2.6.1 Conservative Property (Electrostatics)
55 E-dl=0
c
2.6.2 Relationship between E and V
E=-VV
2.6.3 'V due to Point Charges
Single Isolated Charge
_ g
4meR
Multiple Isolated Charges
1 Y qi
V= e 2

i=1

2.6.4 Electric Potential due to Charge Distributions

Volume Distribution

Surface Distribution

Line Distribution

2.7 Electric Dipole

o Qd
4dmeg R3

(2cos OR + sin §0) =

_ L (e

4re J,

1 Ps

 4me J, R N

1 Pl
=— [ =dl
dme J; R

~ Qdcos(0)
 4meR?

—

dreg

LR?‘ (2 cos OR + sin 00)
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2.7.1 Dipole Moment

2.8 Polarization Field

P is the Polarization Field

2.8.1 Electric Susceptibility

2.8.2 Electric Permittivity
€ =co(l+ xe) = €06r

2.8.3 Electric Flux Density
D=ekFE+P

—

D =eye,E = eo(1+ x)E = ¢E
2.8.4 Bound Charge

AQb,Sl = ﬁ - As

2.9 Poisson and Laplace Equations

2.9.1 Poisson’s Equation

vy = P
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2.9.2 Laplace’s Equation

If the medium contains no free charges, Poisson’s equation reduces to

V3V =0
2.10 Work
W= — PZm'dszV21
P

2.10.1 Conservative Property

W=-Q PTQEWﬁ.(Zz//S(VXW).d}o

2.11 Energy

2.11.1 Energy in a Discrete Charge Distribution

1 N

n=1

2.11.2 Energy in a Continuous Charge Distribution

we =3 [[] v
W = %//[J[V-Vﬁ]dv
W =5 [[f (D6
e} [ s

2.11.3 Energy Density

o = 5 D) Br) = 5e[E(n)P®
2.12 Capacitance
Q=CV
2.12.1 Energy
Wg = Love

13
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2.13 Electric Conductors

Perfect Conductors have infinite conductivity:

o =00
In a conductor,

E=0

D=0

2.14 Electric Boundary Conditions

2.14.1 Tangential Condition
Eyt = Eat

n X El =n X EQ
Where n is the normal vector to the boundary

Dy _ Da

€1 €9
2.14.2 Normal Condition
Dln - D2n = Ps
ﬁ'ﬁl—ﬁ'ﬁgzps
Where n is the normal vector to the boundary

1B, — e2Ba, = ps

2.14.3 Dielectric Conductor Boundary
Ey=Du=0

14



Chapter 3

Magnetostatics

3.1 Current Density

i = velocity of charges

I:/f-ds
s

3.1.1 Current

3.2 Magnetic Force

3.2.1 Moving Charges

—

F,, = qu x B

F,, = quBsin(0)
Where 0 is the angle between @ and B

3.2.2 Lorentz Force
Consider a region with both electric (E) and magnetic (B) fields

F=F +F,=qE+qixB=q(E+ixB)
3.2.3 Linear Current-Carrying Wire

F.,=ILxB

F,, = ILBsin(0)
Where L is the length of the wire

15
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3.2.4 Generalized Current-Carrying Wire
F,, = I/ dl x B
C

In a uniform magnetic field, and for a closed loop:

3.3 Magnetic Torque

3.3.1 Torque

r=FxF
T=dxF
Where 7 is the vector of the moment arm, and F is the force applied

3.3.2 Magnetic Torque of a Loop
T = I ABsin(6)

3.3.3 Magnetic Moment

=1
I
>
=
~
BN
Il
>
S

3.3.4 Magnetic Torque

N
&

=m X

3.4 Magnetic Field and Biot-Savart Law

- IdlxR
H=———
d 4 R?
— I dl x R
H=—[| —
47Tl R2

3.4.1 H Field due to Current Distributions
Current and Current Density Relationship

Idl <> fsds — Jdv

Volume Current

16
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Surface Current

_, 1 fs x R
H = E\/S R2 ds
3.4.2 H Field due to Specific Geometries
Finite Current Carrying Line

For a current carrying line parallel to the z direction

— ~

H= (sin(ay) — sin(az))d

471'7’()

Where rg is the shortest distance between the observation point and the line charge
a1, as are the angles drawn by lines from the observation point P to the ends of the line charge A, B when

compared to the radius
If observation point P is halfway between A and B, and h=0,

1 l -

T R 2R

Infinite Current Carrying Line (One-sided)

ﬁ:

For an infinite line charge with one end point

. I -
H =
4’/T7’0
Infinite Current Carrying Line
- I -
H =
27Ty

Circular Loop

For a fixed point P(0,0, z) on the axis of a loop with r = a

I cos(6)
H=—"SY (9rq)s
47(a® + 22)( ma)?
B Ia? R
-~ 2(a? + z2)3/2Z

If P is at the center of the loop z = 0,

H=

I,
—Z
2a
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Circular Loop with N turns

NIa?
2(a +22)3/2Z
If P is at the center of the loop z = 0,

Solenoid
For a solenoid with d >> a

7 %2 r<a
r>aq

o

Infinite Sheet

-

For an infinite sheet in the x-y plane with J; = Js&

g_l-%39 2>0
=ity
5y 2<0

3.5 Magnetic Dipole

m

H= Py (RZ cos(sin) + 98111(9))

3.6 Gauss’s Law (for Magnetism)

3.6.1 Differential Form

3.6.2 Integral Form

3.7 Ampere’s Law

3.7.1 Differential Form

~

VxH=
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3.7.2 Integral Form

Applying Stoke’s Theorem

/WXH).d;:/f.d;

3.8 Vector Magnetic Potential

B=VxA

w [ J
A=— | =
477/de1}
Icﬁ:}ﬁds:}fdv

3.8.1 Scalar Magnetic Potential

fVxH=0ina specific region, then

-

H=-V-V,

3.9 Poisson and Laplace Equation

3.9.1 Poisson’s Equation

VXB:,uf
V2A:—,uj
Vx(VxA)=ul

3.10 Magnetic Flux

3.10.1 Flux Linkage

Where N is the number of turns

19
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3.11 Work

AW = F,, -dl = (Fy, - @)dt =0

W:/Pdt:/Ith

3.12 Energy

Wm:%// IV - AH |dv

Wy, = %// B(r) - H(r)[dv

1
W = 5///M|H|2du

3.12.1 Energy Density

1
= — = Z—pH?
v v 2”

Expression valid for any medium with magnetic field H

3.13 Magnetic Material Properties
3.13.1 Diamagnetic

Atoms do not react to external H fields. Atoms have no permanent magnetic moments.

3.13.2 Paramagnetic

Atoms have permanent magnetic dipole moments.

3.13.3 Ferromagnetic

Atoms have permanent magnetic dipole moments.

3.13.4 Magnetic Moments

For an electron with charge —e moving at constant speed w in circular orbit of radius r around a proton:

2
T = period = o
u

The circular motion of the electron constitutes a tiny loop with current I:

—e —eu
= =" ==
T 2mr

20
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Reduced Planck’s Constant

where h is Planck’s constant.

Orbital Magnetic Moment

The smallest nonzero magnitude of mg occurs at 1h:

e
= — h
o <2me>

Spin Magnetic Moment

_eh
s _2m6

3.14 Magnetization Field
M = N,

Where N, is the number of electrons (total) per volume, and n7; is the Spin Magnetic Moment

M = N

Where N is the number of atoms per volume, and m is the average dipole moment
M is the Magnetization Field, and mg is the magnitude of the spin magnetic moment of a single electron in the
direction of mean magnetization

Ne = neNatoms

Where n, is the number of electrons per atom

M = xnH
3.14.1 Magnetic Susceptibility
_M
Xm - ﬁ
Xm = Hr — 1

3.14.2 Magnetic Permeability

p= pro(1+ Xm) = foftr
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3.14.3 Magnetic Flux Density
B = poH + poM

3.14.4 Sample values for Magnetic Susceptibility /Permeability
Dia-Magnetic Materials
Xm = 107°
pr=1+10"° =1

Para-Magnetic Materials
Xm = 10_5
pr=1+10"° =1

Ferro-Magnetic Materials
Xm = 2-10°
/2108

3.15 Magnetic Hysteresis (Ferromagnetic Materials)

3.15.1 Magnetic Domains

Microscopic regions where the magnetic moments of all atoms are permanently aligned, with approximate sizes of

~ 1079 m?

3.15.2 Magnetic Hysteresis

Where B, is the residual magnetization
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3.16 Inductance
3.16.1 Solenoid

For a long solenoid with I/a >> 1,

3.16.2 Self-Inductance

The flux linking a multi loop solenoid is

N2?J NI
A N?
szz _
1M

Where A is the flux linkage, and L is the inductance
For a general geometry, inductance L is given by

1 [~ -
L:Y/SBwls

A2 No / > P
Lp=22_22[ 5
2= ). 1-ds

Where L5 is the mutual inductance in conductor so with turns Ny due to current I; flowing in conductor s;
with turns Vj.

3.16.3 Mutual Inductance

3.16.4 Energy

1
m = LI’
W =3

3.17 Magnetic Boundary Conditions

Let
e 71 be the normal to the Amperean loop

e 715 be the normal to the boundary

3.17.1 Tangential Condition

ﬁQX(H”l*H:Q) j;
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Interface between media with Finite Conductivities

Hyp = Hoy
By _ By
H2 191
3.17.2 Normal Condition
Bln = BZn
Bi-n=By-n

,ulHln = M2H2n



Chapter 4

Electromagnetics

4.1 Maxwell Equations (General Form)

Integral Form Differential Form
$s D -ds = [ pdv V-D=p,
¢ E-dl=—%L [, B-ds VxE=-92
¢53~ds:O V-B=0
$oH-dl= [ ds+ I, |VXxH=J+2%

4.2 Faraday’s Law
4.2.1 Flux

4.2.2 Faraday’s Law
dp  d

‘/;mf:_ E——Nﬁ SBds

Where Ve, ¢ is the electromotive force produced by electromagnetic induction

7N1/§~d}:§1§]§~d7
dt J, o

- 0B
E=——
V x 5
4.2.3 Conditions for EMF
Constant B Field, Constant Area
d .
Vemf:—N% B-ds=0

25
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Time-Varying B Field, Constant Area

d a7 tr
Vvemf:_N%/s‘BdS:Vemf
Vet;l ¢ = transformer emf

tr T
Vems = % E-dl
C

Constant B Field, Time-Varying Area

4.2.4 Lenz’s Law
The polarity of V! 7 and the direction of I is always in a direction that opposes the change of magnetic flux o(t)

em

that produced I.
Bina serves to oppose the change in B(t) and not necessarily B(t) itself.

4.3 Transformers

dé dé
Vi o Va 2

h_N

Va Ny

L _ N

L, N

4.3.1 Impedance Matching

4.4 Motional EMF

4.4.1 Generator
v AwByj sin(a) = Aw By sin(«)

emf =

a=wt+ Cy
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4.5 Displacement Current

27

Conduction Current is current induced by moving charges. Displacement Current is induced by non-zero charge
leaving/entering a given region (in other words, the time-derivative of the D field)

- oD
Iz/J-ds:/—~ds
d ; d .t

T apv
VeI =
4.5.1 Current Density’s
J.=0E
o _ 9D
T o

4.5.2 Ampere’s Law

—

VxH=J+Jp=J+

ot

yﬁﬁ.cﬁ: *.ds+/a£.d;:zc+b
C s s Ot

4.5.3 Capacitor Current

av
Ig=C—
T
For,
~ t
E(t) = %g = EO cos(wt)y
Displacement current is given by,
AwV
Iy = € Zl) 0 sin(wt) = —CVpw sin(wt)

4.6 Traveling Waves

y(a,t) = Acos(9) = Acos(é(, 1))

Where

e A is the amplitude
e ¢ is the phase

e T is the period

e ) is the wavelength
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e ¢ is the reference phase

2m 2m
y(x,t) = Acos <Tt - + qbo)

2
y(z,t) = Acos(2m ft — ;x) = Acos(wt — Sx)
Where
e w = 2rf is the Angular Frequency

e 3= 2T is the Phase Constant (or Wave Number)

4.6.1 Phase/Propagation Velocity

4.6.2 Transmission Lines

For a transmission line with per unit resistance R, per unit conductance G, per unit inductance L and per unit
capacitance C,

Wave Equation

_8vézz,t) i ,t)+Laz§t’t)
_azgzz,t) _ o ’tHCav((;,t)
_%V(z) = (R+jwL)I(2)
7%1]2) = (G + jwC)V (2)

Propagation Constant

v=(R+ jwL)(G+ jwC)

y=a+jp

Vo _ Vo _, _ [REjwl
i, P \G+we

Characteristic Impedance
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Solution to Wave Equation
2l - =Y -
If=—"— Vvt Iy = —V,
" R4jwL ° O 7 jwL

Vit = [ViTle?® Vg = |V lei?

+ —
‘/O e—’yz VO

1) = Ife 7 4 e = e = 2

v(z,t) = |V le” % cos(¢p — Bz + wt) + |V [e** cos(¢p™ + Bz + wt)



Chapter 5

Electrostatic and Magnetostatic Parallels

5.1 Constants
Quality ‘ Value ‘ Units
Electric Permittivity €0 = 8.854 - 10712 F/m
Magnetic Permeability | puo = 4m-10~7 = 1.256-107% | H/m

5.2 Values
Quality Electrostatics Magnetostatics
Force F“e F:n
Field E H
Flux Density D B
Material Dependency € I
Potential % A
Material Fields P (Polarization) | M (Magnetization)

5.3 Equations

Quality Electrostatics | Magnetostatics
Potential E=-VV B=VxA
Capacitance/Inductance C= % =1
Energy We=41CV? | Wy, = $LI?
Gauss’s Law V-D =p, V-B=0
Gauss’s Law é, D-ds=0Q é, B-ds=0

30



