1 SetTheory Review
1.1 Union and Intersection

AUB={x:x€A or x€B}

ANB={x:x€A and x€B}
1.2 Complement

AC = {x:x¢A)
1.3 Disjoint Sets
Two sets A; and A]‘ are disjoint if
A,'ﬁAj:@ Vi,ji#j
1.4 Collectively Exhaustive Sets
Sets Aj, ..., Ay are collectively exhaustive if

N -
Uity Aj=S
1.5 Partition
Sets Aj,..., Ay are called a partition of S if A}, ..., Ay are
disjoint and collectively exhaustive.
1.6 Properties of Sets
1.6.1 Commutative

ANB=BNA
1.6.2 Associative

AU(BUC)=(AUB)UC

AUB=BUA

AN(BNC)=(ANB)NC
1.6.3 Distributive

AU(BNC)=(AUB)N(AUC)

AN(BUC)=(ANB)U(ANC)
1.7 Relative Complement/Difference

A-B={x:x€A and x¢B}

A-B=AnBC
1.7.1 DeMorgan’s

AuBC€ =4€nB¢ (AnB)C =aCuBC
2 Probability Theory Introduction
2.1 Relative Frequency
Suppose that an experiment is repeated n times under
identical conditions. Let N (1), N1 (1), .., N (1) be the
number of times the outcome k happens. Then the relative
frequency of outcome K is

S = S e tim i) =

k = " where ngnoo k =Pk

2.2 Axioms of Probability
P(A)>0 P[S]=1

ANB=@ — P(AUB)=P(A)+P(B)

[j Ag|= iP[Ak]
k=1 k=1

If A1, A7 isasequence of events s.t. A; ﬁAj =@

P

i

2.3 Bayesian Probability
P(AUB)=P(A)+P(B)-P(ANB)

3 Counting Methods and Sampling

5 Theorem of Total Probability

For By, By, ..., By mutually exclusive events whose union
equals the sample space S (e.g. B1,..., By is a partition
of S), then

PIA] = P[AIB} 1P[B1 ].. + P[AIB,,P(By)
6 BayesRule
For By, By, ..., By a partition of sample space S,
P[ANB;] P[A|B;]P[B;]
P[BjlA] = IS L
PIA] ~ T PlAIB¢IP[By]

7 Independence

If knowledge of the occurrence of event B does not alter
the probability of event A, then event A is independent of
B.

_ _ P[ANB]
PIA)= PIAIB] = =5
Define A, B to be independent if

P[ANB] =P[A]P[B]
Then

P[A|B] = P[A], P[B|A] = P[B]

PIAC nBC] = P[aC]P[BC]
7.1 Notes on Independence
If two events have nonzero probability (P[A] > 0, P[B] >
0), and are mutually exclusive, then they cannot be inde-
pendent
7.2 Triplet Independence
For three events A, B, C to be independent,

¢ A,B,C Pairwise Independent

+ knowledge of occurrence of any two events (e.g.
A, B) should not effect the prob of the third (C)

7.2.1 Pairwise Independence
P[ANB]=P[A]P[B] P[ANC]=P[A]P[C]

P[BNC] = P[B]P[C]

7.2.2 Independence of Events
P[ANBNC]
P[CIANB]= —————_ =1 =P
(CInBI= —5ng = PIC]

Finally, for Triplet Independence, we must have

P[ANBNC]=P[A]P[B]P[C]
8 Sequential Experiments
8.1 Bernoulli Trials
Let k be the num of successes in # independent Bernoulli
trials. Then the probabilities of k are given by binomial
probability law

pn(k):(Z)p"(l-p)”*" for k=0,..,m

8.2 Multinomial Probability Law
Let By, Bj,..., B[ be a partition of the sample space S,
and let P[Bj] =pj- Also, the events are disjoint:

p1+p2+..tpp =1

The multinomial probability law is

n! k k,
P((ky, e kpp)] = mﬁll PMM

Permutations of 1 distinct objects (k- '
tuples):
Number of ordered samples with size | 1K
k with replacement:
T
Number of ordered samples with size (”j'k),
k without replacement: :
T

Number of unordered samples with | (}}) = W
size k without replacement: 3 :

. n=T+k
Number of unordered samples with | ("7} ™") =
size k and with replacement: n-1+k

Cp=1)

3.1 Binomial Coefficient

(o (E)=0")

4 Conditional Probability
If A and B are related, then the conditional probability of
A given that B (and P[B] > 0) has occurred is

P[ANB]

PLAIBI = =5

8.3 icPr Law

The probability that more than K trials are required before
a success (with probability p,q = 1 — p) occurs in a series
of repeated independent Bernoulli trials is

o
— 1 K
P[m>K]= m-1_,.K_ 2 _
[ I=p Z q PaS T, T
m=K+1
The probability that K trials are required for a success
(with probability p,qg = 1 —p)is

Plm=K] = (p)(1 - p) K1) = pgK=1)
8.3.1 Hypergeometric Distribution
K\ N-K
() Cak)
N
()
Where K is the number of success in the population, k is

the number of observed successes, N is the population si-
ze, and 71 is the sample size.

P(X=k)=

9 Random Variables (RV)

A Random Variable X is a function that assigns a real

number X(C) to each outcome C in the sample space of

a random experiment.

10 Discrete Random Variable (DRV)

A Discrete Random Variable X is defined as a random va-

;ioablle that assumes values from a countable set.
px(x)=P[X=x]=P[{C:X(C)=x} xeR

Forxp in Sx, px(xg)=P[A]

10.1.1 PMF Properties

px(x)=0 Vx

Y px()=) pxlud=) Plagl=1
k k

X€Sy

P[XinB] = Z px(x) where BC Sx
xeB
10.2 Conditional PMF
Let X be a DRV with PMF Py (x),and 3C, P[C] > 0. The
Conditional PMF is given by

Pl{X=x)nC]

px(IC) = PIX =xIC] = =5

10.3 Expected Value
The expected value (or mean) of a DRV is

E(X]= ) xpx(v=) xgpx ()
xeSy k

3E[ll] = ) _Irgpx (< oo
k

10.4 Variance, Standard Deviation
The variance of a random variable X is
0% = VAR[X] = E[(X - E[X])?] = E[X?] - (E[X])?
The Standard Deviation is
ox =STD[X] = y/VAR[X]

10.5 Expected Value and Variance Properties

E[g(X) +h(X)] = E[g(X)] + E[h(X)]

ElaX]=aE[X] E[X+c]=E[X]+c
VAR(cX) = c2VAR(X) VAR(X +c) = VAR(X)

10.6 Conditional Expected Value
For X a DRV, and suppose we know B has occured,

my|p =EIXIB]= ) xpx(xIB)
X€Sx

= ZkaX (xk|B)
k
10.7 Conditional Variance
VAR[X|B] = E[(X - leB)Z\B] =

[
Y (k= mx|p)px (x¢IB) = EIX?|B] - m, o
k=1
11 Cumulative Distribution Function
PMF’s use events {X = b}, whereas Cumulative Distributi-

on Functions (CDF) use events {X < b}.

Fx(x)=P[X <1]
11.1 Properties of the CDF

0<Fx(x)<1
xImeFX(x)Zl XE,IPQOFX(X):O
Fx(a) < Fx(b) Ya<b
Fx(b)= hlimOFX(bJrh) =Fx(b*)
Pla<X <b]=Fx(b)-Fx(a)
P[X =b] = Fx(b)-Fx(b)

P[X>x]=1-Fx(x)

11.2 CDF of a Discrete RV
Fx()= ) px(xg)= ) Px(epulx—x;)
Xp<x k
11.3 CDF of a Continuous RV

X
Fx(x)= I f(e)dt
—00
11.4 Conditional CDF
P[{X <x}nC]
P[C]
12 Probability Density Function

Fx(x[C) = itP[C]>0

d
fx()= - Fx(x)
12.1 Properties of the PDF

1= ® fx (x)dx

fx(x)=0

b
Pla<X<b]= fx(x)dx
a

X
Fx()= | fx(ndr

12.2 PDF of a Discrete RV

d .
fx()= - Fx()= ) px(ep)olc—x;)
k
12.3 Conditional PDF

d
fx (€)= = Fx (xIC)

12.4 Application of Theorem of Total Probability
Suppose events By, By, ..., By, partition the sample space
S.

n
Fx(x)= ) P[X <xIB;]P[B;]
i=1

n
=) Fx(xIB;)P[B;]
i=1

n
S0 = Ex =) fx (i PIB;]
i=1

13 Gaussian (Normal) RV

The PDF for the Gaussian Random Variable is given in the
table.

13.1 Gaussian CDF

¢ is the CDF for a standard Gaussian.

()= 9 =) = PIX <x] = Fx ()

P(x) = \/% J;X eitz/zdt

13.2 QFunction

= — d
Q) V2r L ¢ !

Q(z)=1-(2) = P[X > x]

Q0)=1/2 Q(=x)=1-Q(x)
13.3 Standard Gaussian RV
To move from any Gaussian to Standard (ie. X ~

N(m,02) =z~ N(0,1)), use

x—-m
z=

o

14 Other Features of CRV’s
14.1 Expected Value

+00
E[X]:L tfx (t)dt

14.1.1 Expected Value of Y=g(X)

E[Y] = Lm g)fx (x)dx

14.1.2 Conditional Expected Value

E[X|A] = Loo xfx (x|A)dx

14.2 Variance, Standard Deviation
The variance of a random variable X is

VAR[X] = E[(X ~ E[X])?] = E[X?] - (E[X])?

The standard deviation is

STD[X] = y/VAR[X]

14.3 Nth Moment
The nth moment of a random variable X is given by

E[X"]= Jm x fx (x)dx

15 Functions of RVs - CDF, PDF of Y

n .
frip= ) D)
i=1

g

_y fx®)
fy(y)—;dy/dx

16 Bounds on Probability
16.1 Markov Inequality
Suppose X is a RV with mean E[X]. Then

E[X]
a

dx
X:Xk - ;fX(X) ﬁ| X:Xk

P[X >a]<

for X nonnegative

16.2 Chebyshev Inequality
Suppose X is a RV with mean m = E[X and variance 2.

2
p[|x-m|za]gi2 D2 =(X-m)? —
a

2 2
E[(X -
PD? »a?)< E[(X-m)] _o®
a2 a2
16.3 Chernoff Bound
PIX <a] = e SPE[¢5X)
17 Characteristic Function

¢x(w)= E[ej“’X] — J*_oo fx(x)eijdx

5x00= 5 [ gxtarivi

17.1 Characteristic Function for DRV’s

dx(@)= Y Pxlx )el %k X a DRV
x

o
ox(w) = ZPX(k)e]“’k XeZ

—00

17.2 Moment Theorem
ny_ 1 an
E[X ]_ ]77 do™ ¢x(@) w=0
18 Moment Generating Function
M(s) = E[e*X] = o(—js)

19 Probability Generating Function

[
an@=E[N]= ) pnto
k=0
19.1 Characteristic Function
GN (/) = pN (@)
19.2 PMF Relationship
ak

e GN(®),_,
20 Laplace Transform of PDF

PME: py (k)

x(9)= [ fxoe %z = lemX)

nd"

EIX" = ()" 75

X0,

21 Joint PMF
px,y(xy)=P{X =x}n{Y =p}]

PIXinBl= Y ) pxy(xjw)
(x]-,yk)inB
D) pxy(u)=1
j=1k=1

22 Marginal PMF

=)
px(xj)=PIX=xj1= ) px,y(xj,v)
k=1
23 Joint CDF
Fx y(x1,91)=P[X <x1,Y<Yq]
23.1 Properties of the Joint CDF

Fx y(x1,91) <Fx y(x2,92)
forx] <x2,91 <32

Fx,y(x1,-00) = 0,Fx,y(=00,91) = 0,Fx y(c0,00) = 0

Fx(x1)=Fx,y(x1,00) Fy(y1)=Fx,y(co,y1)

lim Fx y(xy)=Fx,y(ay)
x—at

lim Fle(X,y) = FX,Y(x'b)
x—b*

Plxy <X <x2,91 <Y <ps]=Fx,y(x2,72)

—Fx,y(x2,91) - Fx,y (x1,92) + Fx,y (x1,91)
24 Joint PDF

I?Fxy (x,9)

fxy(xy) = Frem

rixes)= [ | fxympisdy

Fxy(xy)=P[X<xY <y]

y X
ny(x,y):ﬁ L fy (6 y)dxdy

o0 (&)
J j fxyxv)dxdy =1
—00 J—00

25 Marginal PDF

fxlx) = L}o fxy ()

25.1 Properties of the Marginal PDF

fx(x)z0 fy(y)=0
26 Independence of RV’s
X and Y are independent if forany X € A, Y € B

P[X €A, Y eB]=P[X € A]P[Y € B]
1f X, Y independent, then

pxy (xj,yg) =P[X =xj,Y =y ] =

PIX = xj]P[Y =y ] = px (xj)py (¥})
X, Y independent iff

Fxy(xy)=Fx (x)Fy (®)
fxy (%) = fx (%) fy (v)if X, Y jointly cont.
27 Expected Value for Functions of 2 RVs
If X, Y discrete:
E[X]=g(xj, vi)pxy (xj,9k)

If X, Y continuous:

E[X]zﬁ L gle v fxy (6 y)dxdy



E[X+Y]=E[X]+E[Y]
27.1 Value and
Let (X,Y) =g1(X)g2(Y),and X, Y independent

7 =XY & E[Z] = E[XY] = E[X]E[Y]

E[g(X,Y)] = E[g1(X)IE[g2(Y)]
28 Joint Moment
1f X, Y discrete:

EXIYR) =Y oyl pxy (xiom)
i n
If X, Y jointly continuous:

0o oo Ly
eix= [ [T Ik sy sy
—0co J—0co
28.1 Correlation

E[XY]=E[x/71yk=1)
If E[XY] =0, then X, Y are orthogonal.
28.2 Central Moment
E[(X~E[X - (v~ E[Y)¥]
28.2.1 Variance

VAR(X) = E[(X ~E[X]) - (Y — E[Y))*]

VAR(X) = E[(X - E[X])?]
29 Covariance

COV(X, Y) = E[(X - E[X])(Y ~ E[Y])]

= E[(X-E[X)"-(Y~E[Y))'] = E[XY]-E[X]E[Y]

If E[X] = 0 and/or E[Y] =0, then
cov(X,Y) = E[XY]

29.1 Correlation Coefficient

, _ Ccov(X,Y)
PXY = oxoy
If X, Y uncorrelated, then
COV(X,Y)=0, E[XY]=E[X]E[Y], pxy =0

If X, Y independent, then they are uncorrelated.
29.2 Covariance Properties

~1<pxy <1

COV(X,X)=VAR(X) cov(X,Y)=cov(Y,X)
cov(aX,Y)=aCov(X,Y)
COV(X +¢,Y) =Cov(X,Y)
COV(X +Y,Z) = COV(X, Z) +CoV(Y, Z)
30 Conditional Probabilities

30.1 Casel:X,Y Discrete - Conditional PMF

py (lx) =P[Y =y|X =x] =

_PX=xY=y] pxy(xy)

P[X =x] px(x)
( lx‘)_PXY(vaVk)
PYBRG= )

pXY (xj:9k) = PY 9k 1xj) - px (x})

PIYcAX=x;]= ) py(vjlx)
ijA

Py eA]=) PIY € AIX =xlpx (xg)
Xk
30.2 Case 2: X discrete, Y continuous - Conditional PDF

P[Y <y, X = xi]

P o] P[X =x;]>0

Fy(lek)*
fy(y\Xk)’ — Y(V|X:)
dy

If X, Y independent,
Py eaX=xl= [ Sy
yeA
30.3 Case 3: X, Y continuous - Conditional PDF
d fxyxy)
x)= —F x) = =———
fy b = oy (v = 22

P[Y € AlX =x] = f fy @lx)dy
yeA

oo
P[YEA]:J P[Y e AIX = x]fx (x)dx
—c0
If X, Y independent,

_ @y
fylx) = R =fr®

30.4 BayesRule

fxy(xy)
fx (x)

fxy ()= fy W) fx () = fx () fy (v)

fy W) =

_ Xy fy @)
fywlx) = BT —

31 Conditional Expectation
31.1 XY Discrete

E[YIx]=) py(kh)
Yk

31.2 X)Y Continuous

£l = [y iy

31.3 Law of total Expectation
Since E[Y|x] = g(X), we define E[g(x)]

Elelvl= [ BV odx = E[Y)
for any function h(Y), where E[h(Y)] = E[E[h(Yx)]]
E[YF] = E[E[YF|x]]

32 Functions of Two RVs
Let Z = g(X,Y) (function of two RVs). Then,

P =Pl € R = | fy (x,p)dxdy
(xp)e R,

d 00
fz(a) = Fz(2)= J- fxy (xz—x)dx
2 —00
If X, Y independent, then

120 = )y = [ sy - nds

33 Transformations of Two RVs

Let W =(X,Y)and Z1 = g1 (W) and Z3 = gp(W)

Fz1,25(21,22) = P[g1 (W) £ 21,82 (X) < 23]

Fz1,25(21,22) = jj fxy (xy)dxdy
i Wigk(W)<z
34 Linear Transformations
V]=[a b][X] = alX

Wl=[¢  &F]=A[]

Assume A is invertible:
_ 41
[¥1=47"[%]

34.1 Joint PDF of Linear Transformation
Let Z = g(X, Y). The vector Z is:

z=aw z=[}] w=[{]
The Joint PDF of Z is
-1
fz(z):w |Al=det[?  B]

35 Joint Gaussian RVs
The random variables X, Y are jointly gaussian if:

fx,y(xy) =

A:;[(m)z,
21-p% )t a1

2

x-myp \[(y-mp y—my

2 pliiiis S | F A Z_ <&
or (52 2

35.1 Joint Standard (Normal) Gaussians
If X N(0,1),Y N(0,1), then

1
fxy®y)= ———=
2
2n‘ll—pXY

x2 = 2pxy xy+3?)

exp(A)

21 —pz)(
2
fxy(xp)=g(r) = CeXp[zTZ]

35.2 Independence (m=0,0=1)
If X, Y independent <>

COV(X,Y)=0 pxy(xp)=0

b (L2 2)
fxy ()= e~ (2 +32)
35.3 Independence (m=0)

If X N(0,1),Y N(0,1), then

I S S ) 2)
vt = ien(- 502 45?)

35.4 ConstantA
If A (exponent of Joint Gaussian) is a constant K

i

1
fxY(xy) = CexP[ - mk] = constant

35.5 Major Axis
If X, Y not independent, then the principal axes has

— 2, 010
0= -arctan L tan QXZY 12 2
: 179

35.6 Conditional PDF
The conditional PDF of X given Y = is

_ Xyy) _ 1

fx (xly)

-1
Pl .2 2,
2(1- XY o1

RO L 22
Y 2mof\J1-pxy

o1 2
2, X*PXYE(V*”’Z)*”’I]

35.7 Conditional Expectation
E[(X—my)(Y —=mp)IY] = (y —mp)E[X —m1|Y = p]

o o
=-m)|pxy i(?*mz) =pXY i(?*mz)z

35.8 Covariance
COV(X,Y) = E[(X —mq )(Y —m3p)]
= E[E[(X =m)(Y =m)IY]] = pxy o102
36 SumofRVs
Let X1,X2,..., Xy be a sequence of RVs, with
Sn=X1+Xp+...+Xp
36.1 Mean and Variance of Sum of RVs

E[X1+Xp+...+Xy] = E[X1]+E[Xp]+...+E[Xy]
n
VAR(X] +...+ Xpy) = Zwm(xk)
k=1

+ Z Zcov(xj,xk), itk

j=1k=1
If X1,X2,..., X independent, then

VAR(X] +...+Xp) = VAR(X7 ) +... + VAR(X};)

36.2 PDF of Sums of Independent RVs
Let X1,X7,..., Xy independent, then

g, (@)= E[e/ @S] = E[ef@(X1+X2+..+Xn))

E[e/X1]. E[ef9Xn )= oy (w)...¢x, (@)

-1
fou = F 7 0x; (@) tx,, ()]
37 Independent Identically Distributed RVs (iid)
1f X1,X2,..., Xp iid RVs, with

E[X]-] =my VAR(Xj) = 0)%

37.1 Mean and Variance of iid RVs

E[Sy]=E[X1]+...+E[Xy]=n-myx

forj=1,.,n

VAR(Sy) = n-VAR(Xj) = no‘%
37.2 PDFofiidRVs
(/)Xk (w)=¢px(w),k=1,.,ne ([)SN (w) = [q)x(m)]n

fon = F s, @)= FHgx (@)

38 Sample Mean

38.1 Expected Value and Varianceof Sample Mean
1 1
EMa]=E| ) Xj| = ElMa]= ;E[le
1= 1=

VAR(My) = E[(My - E[My )2 | = VaR(S )/
if X1,..., Xy iid RVs:
E[My|=my & E[Sy]=n-my
2

o
© VAR(Mj;) = o

VAR(Sy) = no2

38.2 Sample Mean Chebyshev Bound

P[|Z-E[Z]l> €] <

VAR
VARZ) o
€2

PlIMy —myl>e] < 2=
n€2

o2
P[IMy —mx|<e]>1- —
ne
39 Laws of Large Numbers

Weak Law : lim P[IMy —myl<e]=1
cakLaw:  lim [IMy; —myl< €]

Strong Law : P[nle My = mx] =1
(5]

40 Central Limit Theorem
Let Sy = X1,Xp,..., Xy iid RVs

. _ 1 z —x2/2
nlL)mmP[Z,, <z]= \/TT'! J;o e dx

41 Common Sums

_on+l
ZZ:Oakzl 1a—a a#1

Zg;o kak= ﬁ [1=(n+1)a" +na"*1],a#1

n _n(n+1)
):k:O k= 2

Z;::Okzz(n(m—lé(hﬂ)

2 2
n 3_(n7(n+l)
Li=ok"=""1

co _k_ 1
Lizo® =T=a

o0 k__a
Zk:O ka'= (1-a)?

0o 12.k_ a’+a
Zk:Ok “ " (1-a)3

42 Common Discrete Random Variables

RV S px (k) E[X] VAR[X] Gx(2)
Uniform (1,2,...1) 1 Ll LZT’l £ 11’_ZZL
Bernoulli 10,11 (T-plp P p=p) q+pz
Binomial 0, 1,...,m) DpFa-pF np np(1-p) (q+p2)"

-ve Binomial {r,r+1,.}reR (];:})pr(l —p)kr % % ( l‘ljzz )r

Geometric v1 0,1,2,..) (1-pkp =3 = %

Geometric v2 (1,2,..) a-pk-1p 3 % 1522
Poisson {0,1,2,...) “k—]!{e"’ k=0,1,...,a>0 a a e¥(z-1)

Zipf (1,2, L} dte= []Lzl % = L(ZL;;I) - %

43 Common Continuous Random Variables

fx ) E[x] VAR[X] Px (@) Fx(x)
L ash (b-a) b _piwa x=a
Uniform [a,b] o 4 = o) =2 vefab)
Exponential [0,00) Ae X I A% pem 1-e X
—(=m)?/207 ima—c2a?
el R N B dma-s2a272 e
8 AT M¥ a a 1\
Gamma (0,00) e — I3 & (=) a>0.050
A=A (a2 Loy
=1 Erlang (0,00) ToT)r (Wm 1)
(k=2)/2 4~x/2 1
X e
X-Squared (k DoF) (0,00) e (m)
I~ &
2 Te x<0
- a ~alx 2 —a =
Laplacian (~o0,00) geal 0 o —+— {1,17pm o
T/5al 70
Rayleigh [0,00) L xt/2a V72 (2-n/2)a? 1-e~x/(2a%)
2
) x5 ax ax X \@
Pareto [xm,00) (IFLET,AEXW,UM\& o8 (/.742)(:;147 ()
Cauchy (~00, +00) 75 "2 —alul
T(a+p) a—1()_p-1 a ap
Beta o<x<t | a0 a7 TR

44 Q(X) for STANDARD Gaussian

X X prox.
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