r(t) e(t) (t)

Where
* u(t) is the control input (decision variable)

* y(t) is the output variable (measured with
sensors and also the target of our control)

* r(t) is the reference signal. We want y(t) —
r(t)ast — oo

* ¢(t) is the tracking error. We want e(t) —

Oast — oo
1 Signals
1.1 Time Constant
—A-t —t/T _ l
e e —> T = A

2 Control System Models
2.1 Non-Linear Time Invariant State Space (NN)

T

X=f(u)=f(X1, 00Xy UL,y Uhy)
v =h(x,u) =h(X1, ... Xy, U, ey Uyy)
2.2 LTI State Space Models
Xi=aj X1 +..+aipX,+bjiup +...+ by
Vi = CjiXy o+ ajuXp +djiug + .+ digtiy

X=Ax+Bu y=Cx+Du x:[xl---xn]T
2.3 LTI Input/Output Models (I/0) Models
dny d”_ly d}/
W+a,,,1 dt”’l +ee+a) - T +apgy =
d™u am-1y du
b,ndtim"rb;ﬂ,]dtnﬁﬁ“ +blﬁ+b01/l

form<n

3 Equilibrium

For a NN system, a state X € R is an equilibrium if
fEm@=[0,--,0]"

4 Linearization

x=[x, 5, W
X=x-X =u—-u 9=y -h(x,u)
Then, the linearization of X is given by
¥=AX+Bi  §=CXx+Dil
a=|% p=|%
ax (},ﬁ) au ( )
_[on _[2n
dx (x,7) du (x%,7)
5 Matrix Inverses
s_adia) _(©F i
A= detA ~ detA’ Cij = (CD)7M;)
adj(A [ % _61611112]

9 Inverse Laplace Transform

+|Z%% u3§| —lg%% Zgﬂ +|Z% 212§| 9.1 Basic Inverse Laplace Transforms
e HLl=1 L H1)=6(b)
it =|-Jiz} 43l a3 -l g & L
SE{L — pft P 1{ n!l}:tn
s—a sht
azy  dp) aip a1 aip a1 - . -
wlagt a3l -[ast @3l +[abh ﬂ(zlz)l l{sszz =sin(kt) | £ l{slik2} = cos(kt)
LS =sinh(kt) | L7 55| = cosh(kt
6 FinalValue Theorem {Sz—kz } (kt) {Sz—kz } (kt)
If limy_, o f(t) exists, then
lim £(t) = lim sF(s) 9.2 Inverse Laplace Transform Formula
t—00 5—0 1 o+ico ; n ,
6.1 FVT Existence Condition f(t)= i | F(z)e* dt = ZRGS(GS F(s),sk)
A signal f(t) is bounded iff F(s) has poles with real o—teo k=1

part < 0 and non-repeated poles with real part =0 9.3 Residue Calculation

7 Initial Value Theorem In general, the residue of a function F(s) at a pole
lim f(t) = lim sF(s) can be calculated with
t—0 S—00

1 ) dnfl "
Res(F(s), sk) = -1y slg?k 515”7*1(5 —50)"F(s)

Where n > 1 is the order of the function F(s).

10 Model Conversions
10.1 Input/Output to Transfer Function

For an IO model of the form

8 Laplace Transform (LT)
Let f(t) be a function f : R — R. Then

+00
L) =Fe)= [ floear
0
Where F : C — C. The LT exists if

d”y dn—ly Amy
1. f(t)is Piecewise Continuous (PWC) qn Fn-1 a1 +etagy = by am Tt bou
at with p(0) = (0) = 7(0) = --- = 0, the equivalent
2. M2 0,aeRs.t.|f(H)] < MeT V20 Transfer Function model is given by
8.1 Basic Laplace Table G(s) = biys™ + - +bo
L) =1 L) = g AL
* at 1 proaty = 1 10.2 Transfer Function to Input/Output
A e b= o) {e'} = —a For a Transfer Function model of the form,
Llsin(kt) = Szf : Eleos(kt)) = +k2 the equivalent In 1;(ts/)gu(t;(sl‘l)turffzdel is given b
&{sinh(kt)} = 5% | L{cosh(kt)} = 525 q e P gven by
y(t)= L7HY(s)} = L7HG(s)U(s)}
t
8.2 First Translation Theorem y(t) = t) :/ g(t—7)u(r)dr
Ll f(1))(s) = LUf ()5 —a) = F(s—a) "

10.3 State Space to Transfer Function

8.3 Second Translation Theorem For a State Space model of the form,

L{f(t—a)u(t —a)} = e “F(s) %= Ax+ Bu
where u is the unit step function and a > 0. y=Cx+Du
8.4 Transforms of Derivatives the equivalent Transfer Function model is given by
If f,f’,...f(”’l) are cts on [0, c0) and are of expon. Y(s)=[C(sI —A)le+ D]U(s)
order, and if f(”) t) is piecewise cts on [0, o), then G(S)=C(sI ~A)7'B+D

10.3.1 Notes
1)(0) The values of S € C for which sI - A is not invertible
are poles of G(s)

10.4 Transfer Function to State Space

LU (1)) = 5" F(s)=s""L £(0)=s""2(0)=...— f (1~

LAf" (1)} = 52F(s) = 5£(0) ~ £(0) |
8.5 Derivatives of Transforms Vis)= Tt tag U(s), Y(s) = (bys™ +---+Dbo) V(s)
If Z2{f(t)}=F(s)and n=1,2,3,..., then 0 1 0 .. 0 0
an 0 o L - 0 0.
S 0) = ()" Z ) A R R A e
n—
8.6 Transform of Integrals y=[bgby - by 0 0]x

11 Poles
Ist Order: (s+py) 2nd Order:[(s+ 0)2 + a)é]

ol 1! _F(s) (! _1 [ F(s)
i{/() f(T)dT}—S /0 f(r)d {s}

11.1 Pole Poly Representations
as+b as+b

< 2
52+ 2Cwys + wj

12 Transient Performance
12.1 2nd Order Systems

12.1.1 Settling Time
In(2-1072y1-¢2) 4 4

sTT Cawy - Cawy o
12.1.2 Percent Overshoot and Peak Time
T, = n__=n 2'C _ —In(%0OS)

@i \1-¢ \/7'(2 +1n2(%08)
—{n
%08 = y(Ty) -1 = e V1-¢?
12.1.3 Rise Time

1.8
Trwy o C - Trwp~ —
Wy

12.1.4 Effect of Additional Pole/Zeroes
Additional Pole/Zeroes in LHP have little effect, as
long as Re{P} << o — Re{P} <10 0. Zeroes in RHP

(Nonminimum Phase) and change sign of y(co).
12.2 Higher Order (Dominant Pole)
12.2.1 Phase Margin

1 2C
PM =tan

202 441+ 404
PM~100C for0<C<0.6
12.2.2 Bandwidth

wBw = wn\/l — 202 +4/2-4C2(1 - )2
4 = 4 wn\/1*2C2+\[2*4C2(1*C)2

Cwy - Cwpw
12.2.3 Crossover Frequency

V1+4c4-2¢2
\/1 202 ++2-4C2(1-C?)

we = 0.5 -wpw we, < wpw L 2w,
13 Stability
13.1 Internal Stability
A system is Internally Stable if Vx, € R the soluti-
on of x = Ax with I.C x(0) = x( is bounded.
13.2 Asymptotic Stability (AS)
A system is asymptotically stable if Vx, € R"” with
I.C. x(0) = xq, x(t) > 0 as t — oo.
i Adj(sI - A)xg
k=Ax Xls)= det(sI —A)

AS if all poles (all eigenvalues) of X(s) in OLHP.

s~

We = WRW ~ 0.635wpw




13.3 Input/Output Stability (BIBO)

A system is BIBO Stable if for any bounded input
x(t), the output y(t) is also bounded.

CAdj(sI - A)B+D
Y(s)=G(s)U(s) Gls) = %

BIBO Stable if all poles of G(s) in OLHP.
13.4 Routh Array
# of sign variations = # of roots with real part <0

_ -1 1 Aol .—_-1 1 Ap—4
bl_”nfl det[anfl azf?’ b T an-1 et[anfl a275

er= det 71 “’553] szﬁdet[ugIl 32
14 Basic (Standard) Control Problem
1 -G
E(s)= R D(s)=Er-R+Ep-D
)= Teg RO+ 1oegPle) =Er-R+Ep
C 1
U(s) = R D
)= Teg RO+ 13eg Pl

Closed Loop System BIBO Stable if G4 BIBO Stable.
14.1 G4 Stability
1. No illegal pole/zero cancellations in CG

2. Zeroes of 1+ CG in OLHP

14.2 Type

A TF has type [ if it has exactly / poles at 0. Suppose
R(s) has type K. If CG has type K — 1, then e(c0) is
nonzero, finite. If CG has type K — 2, then e(c0) is
unbounded.

15 Internal Model Principle (IMP)

R(s), D(s) rational, strictly proper. Then e(t) — 0 iff
1. G4 BIBO Stable 2. Poles of R are also poles of CG
(CG type KR) 3. Poles of D are also poles of C (C
type Kp)

16 Controllers
16.1 PD Controllers
Not physically implementable (unless () sensor).

C(s)=K(Tz-s+1) < u(t)=Ke(t)+KTyé(t)
Use to increase the PM (by a max of 77/2 by placing
%d before the w,

reYN |0 | 1 |2
) | g | 0|0
t 00 Kl—v 0
142 (o] [eN] L
2 K,



