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1 Geometric Optics
1.1 Optical Path Length (OPL)

B
OPL = / n(s) - ds
A
1.2 Interfaces

0; =0,
n;sin(6;) = ny sin(6;)

Reflection
Refraction (Snell’s Law)

1.3 Fermat’s Principle

Light traverses shortest OPL route, %ﬂf(w) =0



1.4 Optical Imaging Systems

1.5 Spherical Refractive Surface

~

1.5.1 Paraxial Approximation
So S;

T, (SO + R) nt(Sz — R)

1.5.2 Gaussian Formula
n; T nyg — N,

S, S; R

1.6 Thin Lens

1.6.1 Lensmakers Formula

2 Wave Optics 1

Light is a harmonic (single-frequency, monochromatic) wave.



2.1 Maxwell Equations

Integral Form Differential Form
E-dl=— [ 98 VxE=-98
%Hdlffff(sagtJrJ)I VxH=2"
C = s Vot = fenc ~ ot
$s D -ds = [[[ pdV =Q V-D=p
sﬁsB~ds:0 V-B=0

2.2 DMaterials

Source free | J =0,p=0
Linear |P| o |E|,|M| x |H|
Isotropic €4y Scalars

As a result,
D =epe, B =€E B = pou,H =pH
2.3 Harmonic Plane Waves
E(r,t) = Eycos(k - 7+ wt + ¢)
E(r,t) = Egexpli(k - 7+ wt + ¢)]

k-
E a real quantity (take real part of E(r,t)

2.4 Wave Properties

Temporal period and frequency:

T = 21 v = i
w 2w
Spatial period and frequency:
27 ||
A= =
|| ! 27

Speed of propagation:

spatial period A w

1
= temporal period  2mjw  |k|  \/ue

V¢
Perpendicularity (E, H, k right hand triplet)
kLE kLlH kxE=uwH

If £, H in phase,
\E| _ [

[H] Ve



2.5 Other Properties

w 1
—_— = = C
k  \/ioco
w w c A
b= RTUTLTT
2.6 Poynting Vector & Power
S=ExH

Hard to calculate S, since only (time-averaged) power can be measured (S
is power density)

2.7 Irradiance
I=(S)r = {(Ex H|)p = (EgHycos*(k-r —wt + ¢))r

IffEOHO \/»EO \[HO

I x |E?
2.8 Polarization
Prop in Z, Lin. pol in y:
E(r,t) = Eggexpli(kz — wt + ¢)]
Lin. pol in «,y:

E(r,t) = (Ezo@ + Eyoy) expli(kz — wt + ¢)]

Circ. pol:
E(r,1) = (Boft + Boe'¥§) expli(kz — wt + )]
Ellip. pol:
E(r,t) = (Eyx@ + Eyo€’ ?9) expli(kz — wt + ¢)]
In general:

E(r,t) = (Ez0€'?* & + Eyoe'®§) expli(kz — wt + ¢)]

Lin: ¢, — ¢ = mm

Circ: ¢y — ¢ = § +mm
Ellip: Eyo # Eyo and ¢y — ¢y # mm
e Ellip: Ey0 = Ey and ¢y — ¢ # mm + /2, mm



2.9 Jones Vectors
- Eyoei¢y - %Zzel(ﬁbu_ﬁbw)
2.9.1 Jones Vector Properties
e Normalized: |J| =1, J*-J =1
e Ji,Jy orthogonal if Jj - Jo =0
e Linearity: J = aJ; + 8J2
2.9.2 Jones Vector Examples

Lin pol wrt x:
Lin pol 8 degrees wrt x:
Left hand circ pol:

Right hand circ pol:

2.10 Rotation of Polarization

; | cosyp  sing
J'=R(y)J = [—siru/) c0s¢]

Circ polarizations are rotation-invariant (although have an added phase)

2.11 Malus’s Law
Linearly polarized light:

1
Iin = 2\/?E12n
"

After passing through a lin polarizer:

Tout = \/?Egut = cos? 01,
M

Cirularly polarized light:

DN =



After passing through a lin polarizer:

1 1
Iout = 5 EEgut = 7Iin
\/ o 2

Elliptically polarized light:

1 [e
Iip ==,/ —(E?+ E?
5\ S )

After passing through a lin polarizer:

/ cos? 0E2 + sin® 9E§ I
out — E% ¥ Eg mn

2.12 Jones Matrices

a b
Jo=T-J;, = L d} Ji

2.12.1 Eigenvectors
TJ=aJ

Eigenvectors of a 2x2 T matrix are the independent polarization states. Light
with polarization state corresponding to eigenvector goes through 7" unchanged.

2.12.2 Jones Matrix Examples
TA @ 0 wrt x axis:

[ cos*@  sinfcosf
" |sin@cos @ sin? 0

2.13 Wave Plates

igs (AN
e 0| _ o€ 0
 CRE TR

Where A¢ = ¢s — ¢y
e QWP: A¢p =mm +7/2
e HWP: A¢p =2mmr + 7



2.14 Reflection and Refraction at Interfaces

y y
oFi E k. H, Fr 0 k.
NN H, RN ’
X X
0, E, 6, H,
TE-case H; K, TM-case E, k,
Incident: Incident:
E =E, expl_z(k Xtk y— a)t+¢)}z E, =(-E, cos8x-E, sinﬂy)expli(kixx+kiyy—a)lt+¢I)J
Reflected: Reflected:
E =E, exp[i(k”x tk,y-ot+4, )}2 E, =(-E, cosfx+E, sin Bry)expli(knx +k,y-wt+g, )]
Transmitted: Transmitted:
E =E, expli(knx +ky-ot+ )}2 E,=(-E,cosdx —E,sin le)expli(kux +k,y-ot+ ¢t)J

2.14.1 Phase Matching at Boundary
Wy =W, =Wy =W

w . w . w .
kiz = kyry = kiz — —n;8in0; = —n,sinf, = —n; sin 6,
c c c

Since n; = n,.,
0; =0, > n;sinf; = n,sinb,

And also
bi=¢r=¢r =9

2.15 Fresnel Coefficients

. FE, n; cos 6; — ny cos 6,
TE = | = =
E; ),y mnicost; +mngcosb;

b B, B 2n; cos 0;
T = Ei) g ", cosb; + ng cos by

) —ny cos 0; — n; cos O
™

TTM = | o
(E ng cos 0; + n; cos 0;

E - 2ni COSs 91
i) T " ngcos; + n; cos by

<

2.16 Reflections

Internal reflections: n; < n; External reflections: n; > n;



Reflectance and Transmittance

P. I.Acosb; 9

P, - I; A cos0; =7

Py I;Acosf;  nycosb, .2

T=—= =
P, I;Acosf; n;cosb;

2.17
R=

Energy conservation:
R+T=1

2.17.1 Normal Incidence

If 6, =0,

n; — Ny Ny — Ny
TTE =TTM = — Rrg = Rry =
n; +ny n; +ny

Plane of incidence is not unique. No polarization dependence

2.17.2 Brewster’s Angle

At Brewster’s angle (6,), TM polarized light does not reflect (rras = 0).
ng cos 0y, = n;cosly, n;sind;, = nysinby,

t
tan@;, = —
P

n

i
™
Oip +0ip = 9

2.18 Total Internal Reflectance

Two conditions:
o n; >ny

e 0, >0,

2.19 Critical Angle
Incident angle for internal reflection, when 6; = 7:

1

0. = sin
n;



2.20 Evanescent Waves

The transmitted wave in TIR case is evanscent:

w . w .
|kt| = —nt = ktw = kiz = kisin€; = —n; sin6;
c c

1'. 97’ 2
by = 18— R, = i (PR )y

ny

w n;sin6; \ 2
B=—n, (H) -1
C Ty

E, = E,peP? expli(...)]

2.21 Penetration Depths
Field/amplitude penetration depth:

1 1
Ely=-)=-E(y=0
(y=73)=2Bu=0
Intensity penetration depth
1 1
=35 =Ilw=0)

2.22 Complex Fresnel Coefficients
Fresnel coeffs can be applied to TIR:

rrp = e'T” roy = €TV
_1 [ ner/(nisinb; /ng)?
= —2tan"!
orE ( n; cos 0;

drv = —2tan" ! (nz (i Sinei/%)z)

ng cos b;

3 Wave Optics 2

3.1 Interference

Given two waves

Ey = E1pcos(ky - 7 — wit + ¢1)

"
FEy = Es, COS(k‘; 7 —wit + ¢1)



1 [e
Il = <E1 X H1> = 5\/E|E10|2

1 /e
12 = <E2 X H2> = 5\/E|E20|2

Superposition £ = F; + E5 yields:

IZ\/E211+12+2\/E<E1-E2>
1% 2

interference term: 2, /-<(E; - Ey)

2\/E(E1 By =

\/E(Elo - Eao){cos[(k1 — k2) -7 — (w1 — w2)t + (1 — ¢2)])

3.1.1 Interference Term

3.2 Spherical Interference
In spherical coordinates (7,0, ¢):

E (Elo . E20
AN | T2

) (cos[(k1r1 — kar2) — (w1 — w2)t + (P1 — ¢2)])

3.3 Visualization of Interference

Kk,

AWAANAAXLEXE
AMAARLAUAL

AARLAARAA

AAAMAARRAAXK

The red lines represent the equal phase lines of 2mm, and the blue lines are (2m+1)7 phase lines.
When red lines meet red lines (or blue lines meet blue lines), the two waves are in phase, and the
resulting intensity is the highest (the bright fringe in the background). When red lines meet blue
lines, the two waves are 7 out-of-phase, and the resulting intensity is the lowest (dark fringe).

For the plane waves (left figure), the two K vectors are in the same co-ordinate system.

For the spherical waves (vight figure), the two k vectors (or ¥ vectors) for a given point of interest,
P, are in separate co-ordinate systems. K and r are therefore always collinear. Hence, K-r=kr

10



3.4 Conditions for Non-interference
1. orthogonal polarization: FEi, L Fs,
2. w1 # wa s.t. time avg of fast varying cos is 0

3. ¢1 — ¢ varies with time randomly

3.5 Conditions for Interference
1. W1 = Wy
2. Elo not L EQO

3. ¢1 — @2 not time varying

3.6 Relative Phase and OPL Diff
I = Il + I2 + 2\/ 11]2 cos 0

where § is the relative phase between two interfering waves
0= (ki —ka) -r+ (o1 — ¢2) plane waves
0 =(r1 —r2)+ (¢1 — ¢d2) plane waves
3.7 Fringes

e bright: 6§ =2mnm — I =11 + 1o + 2/111>
o dark: 6 =0C2m+1)r—>I=01+1L -2y 1,

3.8 Equal Intensity Interference

thL=5L=1I

1= Il +Il —|—2\/11[1 cosd = 2]1(1 +COS§) =

1)
= 4], cos? (2)

11



3.9 Interference of two point sources

Screen

AOPL =1y — 1

AOPL ro —T1
— ) ¥ ——
vt (1 — ¢2) =27 "
Yy

Small angle approx: 73 — 11 = af =~ ay

0 =27

ay
5= oY
"L

bright: § = 2m§% = 2mm

o dark: § = 277‘;\3{]—‘1; =2mm +m

or
e bright: yp, = m%
e dark: ygr = (m+ %) A‘gTL
Fringe spacing;:
Ayfm'nge = @

3.10 Coherence

For two waves to have long-lasting interference, they must have a fixed phase
relationship:

¢1 — ¢2 must not be time varying

12



3.11 Practical Light Sources

Practical sources are not monochromatic or point sources

3.12 Temporal Coherence

T. is the average duration of wave trains. [.: longitudinal coherence length.
le =c1

Long-lasting interference cannot be observed if AOPL > .. Coherence condi-
tion: AOPL < .

3.13 Spatial Coherence

l;: spatial coherence length

b (11-53)
S

|~

6, being the angle subtended by the source, viewed from the point of interest (see below).
For circular sources,

112t 1M (11-54)
S

Extended Source

1
Av=—

Te
Av A
v A

13



3.15 Michelson Interferometer

AOPL = 2dcos@

Phase difference is thus:

4mdcos b
6=k AOPL+m= "=+
Center of a bright fringe occurs at
1
Opt,, = 2mm  or 2dcosOy, = (m— 5))\
3.15.1 Michelson Fringe Radii
The pth bright fringe in center (6 = 0):
1
2d=(p—2)A
(r=3)

The mth bright fringe from center m = p — N:

1
2d cos bpt,, = (m — 5))\
Small incident angles:
6‘2
~1——
cos 5
p 2= (m=1)
bt,, ™ d
0.~/ @ZmA  [NA
b ™ d Vi
Radii of bright fringes:
N
Tot,, = fObt,, = f a4

Where f is the focal length of the lens

14



3.15.2 Fringe Separation for Michelson

Arpey = f(Obty+1 = Obty) = fﬁ(m_ \/ﬁ)

Fringe spacing is not uniform (decreases from center to edge). Spacing between
N and N + 1 is proportional to A, inversely proportional to v/d

3.15.3 Fringe Distortion
After a path length of Ad, the fringe distortion is

AmA = 2Ad

3.16 Newton’s Rings

Let d be the thickness of the space between
the two dielectrics, the relationship between
/ ﬁ x,dand R is:

+(R-df =R* (1212

For a small d, we can ignore the 2" order
term 42, and write:

x=~/2Rd (12-13)

Furthermore, ignoring the small angle tilt in
the reflected beams due to refraction, 2n.d is
the AOPL between the two interfering beams.

ny

Black Surface

May be additional m phase between two beams. Assume ny < ng, ny <mn,
Small angle approx:

AOPL =~ 2d
0=2d= 27T;\ndcos9+7r

bright fringes appear at 6 = 2mm

3.16.1 Newtons Rings Fringe Radii

radius of bright fringes:

15



3.17 Thin-Film Interference

2nfd

AOPL = — 2nidtan @, sin 6;

cos 6,
AOPL = 2n¢dcos b,

2n ¢d cos 0
. nydcos b

0=2
Ao
bright fringes appear at 6 = 2mn
1
2nypdcost, = (m — 5))\0
3.18 Fabry Perot Interference
2

0 =27 nyd cos 0

0

3.18.1 Fresnel Coefficients at thin-film

Drop TE, T M subscript at near incidence condition.

16



[ <=

U

3.20 Transmittance of Fabry Perot
1

Tpp=——
P Y Fsin®(5/2)
5 2ﬂ_2nfdcost9t

Ao



3.21 Reflectance of Thin-Film
Ryp=1-Trp

3.22 Airy Function

When 6 = (2m + )7
1
T min —
Fr 1+ F

When § = 2mn
TFP,mam =1

3.23 Finesse

Fringe Spacing
~ FWHM Fringe Width at Resonance
FWHM fringe width = Adpw gas

F

2z
=

(12-50)
AaFWI'[M

A,
il M We shall proceed to find Adgyy Using Eq

(12-39).
1 1 > S

2mn 2(m+1)m

3.23.1 Full Width at Half Maximum

Fringe width when transmittance drops to half of peak value

2 ﬂ\/F

F

T Aorwam | 2
3.24 Resolving Power
A)\RP = 2nfdsin9th9FWHM/m

Ao

R =
AXrp

Since
2n¢d cos 0,
i aditabe
Ao

A
Mrp =

6=2

18



For the FP, resolving power is defined as:

Ao

R=———=mF
AXgp
2nrd
R =mF = —F
Ao
3.25 Free Spectral Range
7 Apgs= Aq - Az
A
A Az /112 Az Ay
b O 5’ R 5

mth order bright fringe of Ay overlaps with m + 1 bright fringe of As.
2nfd cos Opm|a=r, = M1

2n7d cos Oy (1) a=x, = (M + 1)z

FSR is the largest range in a given order that doesnt overlap same range in
another order. Also the largest unambiguous measurement range.

A
AXpsp =M — A2 = =
m
FSR range reduces as m increases
)\2
ANpsp ~ =2
FSR onrd
Avrsr _ AArsr | Ao _ c/v
v Ao 2ned  2npd
c
A =
UFSR 2nfd

4 Wave Optics 3
4.1 Fourier Transforms

ft) & /f(t)e_j‘“tdt

f((E,y) <~ /f(x,y)eijkwwefjkyydt

19



4.2 Diffraction

E field distribution Diffraction Theory » E field distribution
at the aperture at the screen

Define
e FE,: field distribution at aperture
e F;: field distribution at screen

+OO EO o o )
Ei(xi,y:) = // CM@lkrdIodyo

r

Where
e 7: distance between point source (z,,y,) and point on screen
e (" Proportionality constant

4.2.1 Approximations for r

In rect coordinates,

r= \/Zz2 + (@i = 0)* + (¥i — ¥o)?

Amplitude approx:

Tz
Phase approx:
r= zi\/l + (i = Zo)” —; (v: = yo)*
2
S P Ay ®i%oF Y%  Tot Yo

4.3 Fraunhofer Region (Far Field)

- 2 P 2
. % L (= w0 + (yi— o)

2
2

T} Y o+ YiYo
221' Zi

Rz +

20



4.4 Fresnel Region (Near Field)
r= zi\/l L @i @) + (i — )

2
2

T LY STt YiYe | TotYs

TRz +
2z; Zi 22;

4.5 Far Field Condition

When can last term in r approx be negligible?

kM << 27
222‘
or
x3 + Yo
2\

Va2 +y2 <<z

4.5.1 Far Field Compensation (with Lens)

zi >>k

Another way to compensate for quadratic term in far-field condition is to use a
lens

Consider a plane wave incident on a convex lens
and focuses to the point F. As the incident wave is
a plane wave, the phase anywhere on the
transverse plane just before the lens (indicated by
the red line) is the same. From geometric optics,
we also know that the OPL for the ray going from
f A to F is the same as the OPL from A, to F.

Therefore, the phases for all the rays at F are the same, which we label as ¢f. Let’ s calculate
the phases on the transverse plane after the lens (blue line) at B,(0,0), ¢5, and B(x,, »,), ¢s:

Since OPL, , = f and OPL,,. =/ f*+Xx. +y’ ~ f+(xj +yj)/2f, therefore,

$sr =9-—kOPLy . and @, =@, —k OPL,,. The phase difference being
b —~B5.r =—HOPLye ~OPL, )=k (x5 + 3 )/2f (13-7)

21



4.6 Spatial Fourier Transform

+ o 2 2
xl,yl J‘IC o7yo eXp|:ik(Zi+xi2-;yi XX, + Yy, )]dxgdy,,

Z.

i

:Ee"{” ] j j E,( a,ya)exp{—zk[ ~x, +—yo]}dxodya

t 4

2D spatial Fourier Transform

The integral above is a 2D spatial Fourier Transform with

_ k., _x;, ksin@
Y 2m Az, 27
k, _ Y _ksing

Y 2r Az 2«

4.7 Rectangle Function

(1) Rectangle function

e 1 [d4<12
1 Tx)= {0 x| >1/2
X7 R F 1= ) L gine
af
Rectangle function with scaling:
I1(x/a)
1 f{n(f)}=asinc(af)
a
-al2 a2 x

22
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(13-9)

(13-10)

(13-11)

(13-12)



4.8 Circle Function

(2) Circle function

1 <1
cire(p) circ(p) { p (13-13)

0 p>1

f{circ(p)} = 1,(2xf) (13-14)

] J, is the Bessel function of the first kind' of order 1.

v Footnote:

'\"""’ 1. The left plot shows the various orders of the Bessel
\ 9 functions of the first kind. They are also called the
= A s cylindrical harmonics. Any arbitrary function in the
\ "\ ) ] N cylindrical coordinates can be expressed as the linear
Lo 1\\-\ : / S AN superposition of these harmonics. To find the
\ / N X derivation of Eq (13-14), you can go to:

-0.2 \ N S
\\7 / http://mathworld.wolfram.com/CylinderFunction.html

16 © Li Qian Wave Optics I1I

4.9 Delta Function

(3) Delta function
Jo@ lim [“S(xc =1 (13-15)

0 Jd-¢

> F{o(x)}t=1 (13-16)

0

Delta function with a shift:

3(x-a)
! I F{8(x-a)}=e* (13-17)
0 a  x
g 8(x-a) gl-a) f{g(x)@é(x—a)}
® LT e e F ) o
o x o 4 % 0 e %

4.10 Impulse Train
Also called Shah function

23



(4) Impulse Train Function (Shah function)
W(x)

SN

4 32-1101 2 x Flw)y=w(r) (13-20)

W (x)= nié‘(x—n) (13-19)

Shah function with scaling:

W(x/a) / a W (x/a) _ fa(x—na) (13-21)
a n=—w

-3[ —Zla !z 0] I ZIa x F {m(x/a)}=w (@f) w2

4.11 Diffraction Limit

Focal point cannot physically be a singularity. Finite wavelength size. Focal

spot size 2w,:

1.22)
2w, ~ f

4.11.1 Angular Resolution
Resolving power of:

1.22X
0RP ~ T

4.12 Multi-Slit Diffraction
N slits, width b separation a

b Yo
—> <
— e N — N N N N
| | | | | | | | | | xo
—>
a

24



4.13 Diffraction Grating

a(sin 0, — sin6;) = mA

4.13.1 Resolving Power

Ao
R=—=mN
AAXrp "

4.13.2 Free Spectral Range

if )\1 ~ )\22
AXpsr =

3>

>
IS

else:
AXpsr = —
m

5 Single-Slit Far Field Diffraction

Example 13-1: Find and plot the far-field diffraction pattern of a single rectangular slit of

&] (13-23)

dimension bxl.
Aperture function: E,(X,,ya)=l'l[%]r[[ ;

Far-field £ field distribution:

2 E (x,3,)= F{E,(x,,)
"F FAE(xov)}= f{n(%)n(%}} = bisinc(&f, )sinc(If,) (13-25)

Far-field Intensity distribution:
R ) - AR
1,(x,,3, )< E2(x,,y,) < sinc*(Bf, Jsinc (zf)}/':ih:ﬁ:smcl(zjsmc [i) (13-26)

=2 13-24
S ( )

One can also write the above expression in terms of 6 and ¢, using (13-9):

100.9)o¢sinc(of )sine>(1,),seo h.nv:sincz[szimz["“ﬂ] a32)
L 27 2

The far-field intensity plots for a single rectangle slit are given below:

OE E k, & 2 3
b b 5 5 b b %
YR VY ) .
- - - 2 sind
b b b b [
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6 Double-Slit Far Field Diffraction

Example 13-2: Find and plot the far-field diffraction pattern of a double slit aperture as
shown.

Aperture function:
RERNEA @), s(e-9)] 13
E,(xq,y,)f“(b]ﬂ(J@[ﬁ(wzjw[x zﬂ (13-28)

Far-field E field distribution:

E, (x‘,y,}ﬁf{ED(xo,y”)}fl 2 (13-29)
Tt (5]
= blsinc(f, )sinc (If, ) (" + &7/ ) = 2blcos x . a)sinc (b, )sinc If,) (13-30)

Far-field Intensity distribution:

Lsay,)er B0 cos'(af abine’ (bf Jsine’ ()

= cos?| % |sinc? 2% |sine?| 2 (1331
’11» jz‘ /12‘

Written in terms of 6 and ¢:

I‘(H,zp)xcosz(nfxa)sincz(lfx)sincz(lfy]r ko, kv
S 2z

o(kasing) . ,(kbsin@) . ,(Ksing
= cos?| 3N |ginc?| L25MY |gine? F3NP
2 2 2

(13-32)

The far-field intensity plots for a double-slit aperture are:

. sinc? emnvelope due o fnite st size
cos’ fringe due to_

g\ [ i a, ¥
b b 2a
g e sind
b b 2a
1
- ’z, »
L4 sing

7 Circular Aperture Diffraction

Example 13-3: Find and plot the far-field diffraction pattem of a circular aperture as shown.

P For an aperture of radius a, the aperture function
is expressed as:

E,(p,)= circ[&J (13-33)
a

From (13-14), the far-field becomes:

E(p)x F{E, (Pa))=fLJ-(2”fﬂ) (1334)

P, ksin@
where == %
£, o (1335)
Sometimes £, is expressed in terms of the angular distance 6,
2z .
E(0)x——1 (kasin®, 13-36)
[0) e Y lkasind) (1336)
The far-field intensity becomes:
2r ¥ ) J,(kasin 6)Y’
1(0) < E}(0) < I (kasin@)=4ra’| -L——"2| (1337
(0)% £20) (2 | shasing) -z s )
The first null of 7, in Eq (13-37) occurs when
kasind=3.83 = sinf=1221/2a (13:38)
or 2;:%11:3.83 or p,=1222z,/2a 1339
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8 Airy Disk

The normalized far-field intensity is plotted here:

1
2w,
0 Z
127
% P
122 Zia sing

This intensity pattern is also known as the Airy Disk.
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