1 Coordinate Systems, Frames, Geometry
1.1 Points and Vectors

z

P =0+ Pexp+ Pyvo + P20

1.2 Rotation Matrices
R(l) = [x? y? z?]
1.3 Properties of Rotation Matrices
R=RDT=[¢ 5 o
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1.4 Orthogonality

det(RRT) =det(I)=1 = det(R)?

1.5 Elementary Rotations
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1.6 Compositions of Rotations
1.6.1 Case 1: Sequential Transformations
Let R be a coordinate transformation in F1

0_p0, pl _po
RY=R) Ry =RY.R

1.6.2 Case 2: Global Transformations
Let R be a coordinate transformation in FO

0_ p0 pl_ 0
R) =R} R} =R-R!

2 EulerAngles

CHCOCY =SSy —CHCoSY —ShCy  CpSo
R = [s¢cecs¢ +C¢Sw SPCasy T CHpCy 5¢56]
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2.1 Casesp>0

0= atan2(r33, 1 —r37'3)

¢ =atan2(ry3,r23) ¢ =atan2(-r31,732)

2.2 Casesp <0

0= atanZ(r33,f,I1 - r323)

¢ =atan2(-ry3,-rp3) ¢ =atan2(r3y,-r37)

3 Homogenous Transformation Matrix

211 §12 213 le [R d]
H—|Ra Ry Rps _
Rsi Rss Rss d.| 103 1
g1 Ry Rss ds
0] _ 0]p! -1 _[pT _pT
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4 Forward Kinematics
4.1 Exceptions to DH Convention

1. li_1,1; parallel

(a) Infinite common normals: pick any
O;el;

2. I;_1,1; have a unique point of intersection

(a) Set O; = I; nlj_y, choose x; L
(zi—1)xi L (z)

(b) x; =
3. 1 =14

*(zj_1 X zj)

(a) Choose O;_1 to be any point on /;,
Xi Lz

4.2 DH Parameters
* d;: displacement between O;_1, O; along
Zi-1

* a;: length of common normal between
l;_1 and [; (along x; axis)

* 0;:angle from x;_; to x; measured as RH
rotation about z;_;

e a;:angle from z;_j to z; measured as RH
rotation about x;

4.3 Consecutive Joint Homogeneous Trans-

forms
Hicl = [lel O;*l]
i 05 1
co; —50,Ca; SO;5a;  4iCp,
Hi—l _ SQ,’ C@,'Ca,‘ —CO;Sa ai59,~
i —|0 Sa; Ca; d;
0 0 1

5 Inverse Kinematics
_[Rg Oy
Hy = 9]

Jn st HY(q1,...,q,) = Hy
1. Casel:n>6
(a) infinite solutions (redundant robot)
2. Case2:n=6
(a) Finite amount of solutions
3. Case 3:n<6

(a) No solutions

Find q1,...

5.1 Kinematic Decoupling

02:02+d6»26 ngogfd(g-Rgzo

Find q1,92,93 s.t. 02(q1,92,93) = 02 — dg - R2zg.
Then compute Rg(ql ,42,93)- Then, notice Rg =
Rg . Rg and calculate:
RS = [RYTRy
6 Velocity Kinematics
P =R 0 p0=ROp! 4 O

6.1 Skew-Symmetric Matrices

Givenw = ([Wx wy wz])T,
0 —wz Wy
S(w)=| wy 0 —wy
—wy Wy 0

6.1.1 Properties of Skew-Symmetric Matrices
S(a-a+p-b)=aS(a)+pS(b)
S(ap=axp RS(aRT =S(Ra)

sT4s=0 sT=
6.2 Angular Velocity

-S

RIRY)T = 5(w?)

6.2.1 Special Case: Fixed Axis

0

p’=w) x(RYp") =S(@)R}p!  p°=Rip!

6.2.2 Instantaneous Axis of Rotation

I={q°€eR: ¢ =0% + 1), A eR)
R0p! = 1a?

6.3 Composition of Angular Velocities

Rg = R(I)Ré + R?R; = S(a)l + R1 “’Q)Rz

0

_ .0 0 .1 0
wy = (u1+R1w2

Wy = a)1+R(1)w2+...+R9l_1a)
7 Robot Jacobian )

Suppose p°() = F(q(t)). Then p(1) = 5F (4(1))-
q(t)

_oF oo @], .
S U0 q—[wg]—[]w(q)] g
7.1 Linear Velocity Jacobian

i q) = 2 joint i is P
v z) | x(09-0Y ) jointiis R

=1l 1 2]

7.2 Angular Velocity Jacobian
; 0

Ié)(q) = {ZO

i

Jo = [Llu ]g)
8 Inverse Velocity Kinematics

Given £° = [Og

n

jointiis P
| jointiis R

7

, find ¢

1. Casel:n>6
(a) Solvable iff rank(J(g)) =6
(b) Infinite solutions

2. Case2:n=6

(a) Solvable iff J(g) is invertible and has
unique solution

(b) 4=J(q)71&° (rank(J(g)) = 6)
3. Case3:n<6
(a) No solutions

8.0.1 Right Pseudoinverse Solution
§=T" (9"

§=T"q@)e +(Is =T (9)](q)b VbeR"
9 Force/Torque Relationship
t=](q)"F°
10 Kinematic Singularities

For a matrix J € ROX", rank(J(g)) < min(6, n).
A joint vector q is a kinematic singularity if

rank(J(q)) < maxrank(J(q))

10.1 n=6case
Singular ifdet(J(q)) = 0

6xn _|] Ji2| _ |J 0
’ERX"*[JS 1%5]*[151 J22

det(]) = det(J11)det(J22) =0

11 Robot Modelling

11.1 Holonomic Constraints
A holonomic constraint for a sys of N particles
and [ constraints is a relation g(rj,...,7n) =0

g: R3xR3x... xR} S R!
s.t. g differentiable, % full row rank / at eachr.
L:{reR3N 1 g(r) =0}

11.2 Constraint Reaction Forces

fe-0r=(Ar)-dr=Ar-dr)=0
3*111.3 Generalized Coordinates
r=r(qg1,---,qn)
(q1,---,qn) are the generalized coordinates
11.4 Degrees of Freedom
#DoF=n=3-N-1
11.5 Parametric Representation
L={r(q):q€R}
11.6 Virtual Displacement
srl
sre®3N o=l
orN
or:=06r Lr {reRz:HrH:l}
r-dr=0 %&:O 6r:§—;dq
11.7 Lagrange D’Alembent Principle
—fL)-0r—fc-or=
11.8 Generalized Force
ar’
= [aiq] It
fl/,:—V,U+f,1 Pp=-VsP+7

Where f, is the app. force and 7 is the generali-
zed app. force
12 Euler Lagrange Equation

d
quse—vqggz

12.1 Lagragian Equation
£{q,q} = K(q,4) -

12.2 Point Masses
12.2.1 Kinetic Energy

P(g)=K P

N N
K=) Ki=) smillil?
i=1 i=1
12.2.2 Potential Energy
Pi=mj-g-h;

12.3 Distributed Mass Systems
12.3.1 Center of Mass

0. Lm; rio
CT Xm;
12.3.2 Mass Moment of Inertia

[= Zm s@)T's Zm S(d?)?

i

Ymi(yi +2zi)? —Zmixi?iz -y m;x;z;
I'=| Y mxjy; m;(x; +z;) =) miyiz; 5
) mix;z; Yomiyizi Y mi(x; +y;)

12.3.3 Kinetic Energy

1,0 —rC doxw?

1
f(a)(l))-l-(u?

Lo
Ki = smillill” + 5

13 Robot Models
13.1 Basic (Lagrangian) Model
Jo = [9128 piz) | OS-(n—l)]

I = [28 X O? Z?,l x (O? - O?,l) | 03,71]

K(q,4) = %qT [Z(Mimq)%(q) +15@T1T5(@)

i
n

Plg)=) ~Mi(g")Trl

i=1
13.2 Christoffel Coefficients

10dij [9k1
2 [ 94

ad,k 1
aq]‘ 2 dgx

N
kj = Zcijk(q)qz
i=1
13.3 Basic (Lagragian) Model EOMs
D(q)j+C(q,4)g+VqP =1
13.4 Control (Enhanced) Model EOMs
M(q)§+C(q,9)4+B(q)g+ VP =u

2
] ]ml
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ki 911]
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14 Stability of NL Systems
14.1 Positive, Negative, Definite, Semidefinite
A differentiable function V : R” — R" is p.d. at
xif V(x)> 0Vx=Xxand V(x) = 0.
A differentiable function V is n.d. at X if -V (x)
is p.d. and V(x) = 0.
A differentiable function V is ps.d. at X if V(x) >
0and V(x)=0.
A differentiable function V is ns.d. at X if V(x) <
0 and V(x) = 0.
14.2 Positive Definite Theorem
P is p.d. if all principal leading minors are +ve

- - Py PIZ] _
M; =P Mjp=det P P M, =detP
14.3 Lyapunov Theorem
Suppose x € R" is an equilibrium of x = f(x),
and 3V : RN — R which is p.d. at ¥ s.t. V =
%f(x) is ns.d. Then X is a stable equilibrium.

If Vis n.d. at X, then it is asy. stable.
14.3.1 Lyapunov Functions
Mass-Spring Damper System:
. k b
X2 ==X~ —X2
m m

X1 =x2

1
V(x) = E(x% +Xx1Xx2 +x%)

General

. Loy 1o
V(g.9)=K+P=24"M(@)q+ 57 Kpg

Energy of Tracking Error (Used for passivity
controller)

1
V=2 M@r+q"Pg

14.4 Karsovski-LaSalle Invariance Principle
(KL)

Let X be an equilibrium of x = f(x), and sup-

pose 3V : RN — R which is p.d. at ¥ and

stV = 9V o f(x

/(x(t)) = 0 as t — oo. Moreover, if V(x(t)) =
thplies x(t) =X, then X is asy. stable.

5 Robot Control

) is ns.d. Then, X is stable and
ovt

i=q"-q 4=4"-4
15.1 Decentralized Model
]mem +Bmém =Tm—T

T =Ky -i; Assume E << 1]3—”;
L% +Ri, =v-Kp,0,,
o~ 5 = 2O
]::]mB::Bm-i—KmZKb U= %V
G(s)z}szlﬁ C(s):(Kp+Kd-s)

15.2 Feedback Linearization (Computed Tor-
que)
Goal: Find 4;(= q; (t)

q; (t) = qi(t)

gi) s.t. qi(t) =
qgi(t) =

M(q)a+C(q,9)+ B(q)q +VqP —u

a=g"(t)+Kpq+Kqg

Ky

K; =
Kp, Ka,

1

15.3 PD Control with Gravity Compensation
M(q)4 +C(q,4)4 + B(g)g +VgP = u
u=KpG+Kgq+VyP
15.4 Passivity Based Controller (Slotine-Li)
r(t) = q(t) + Ag(t)
r(t)—>0ast—oo r(t)=0 & §=-Ag
M(q)g+C(q,4)4 +B(q)q+VgP = u

M(q)(§" +Aq)+C(q,4)(d" + Ag)+
B(q)q +VgP +K(q +Ag)

u =

0

r=g+A
l, Ai>0
An

(v) + sin(y) cos(x)

cos(x + ) = cos(x)cos(y) —sin(x)sin(y)

M(q)7+C(q,q)r+Kr=0
Al

K=KT A=

16 Trigonometric Identities

sin(x + p) = sin(x) cos



