
1 Coordinate Systems, Frames, Geometry
1.1 Points and Vectors

p0 =
[pxpy
pz

]
v0 =

[vxvy
vz

]
P =O0 + Pxx0 + Pyy0 + Pzz0

1.2 Rotation Matrices
R1

0 =
[
x0

1 y0
1 z0

1

]
1.3 Properties of Rotation Matrices

R1
0 = (R0

1)T =
[
x0

1 y0
1 z0

1

]
R1

0 =
[x1 · x0 y1 · x0 z1 · x0x1 · y0 y1 · y0 z1 · y0x1 · z0 y1 · z0 z1 · z0

]
vi = Rijv

j v0 = R0
1v1

1.4 Orthogonality
R0

1 = (R0
1)T = (R0

1)−1 RT = R−1

det(RRT ) = det(I) = 1 =⇒ det(R)2 = 1

1.5 Elementary Rotations

Rx,θ =
[
1 0 0
0 cθ −sθ
0 sθ cθ

]

Ry,θ =
[
cθ 0 sθ
0 1 0
−sθ 0 cθ

]

Rz,θ =
[
cθ −sθ 0
sθ cθ 0
0 0 1

]
1.6 Compositions of Rotations
1.6.1 Case 1: Sequential Transformations
Let R be a coordinate transformation in F1

R0
2 = R0

1 ·R
1
2 = R0

1 ·R

1.6.2 Case 2: Global Transformations
Let R be a coordinate transformation in F0

R0
2 = R0

1 ·R
1
2 = R ·R0

1

2 Euler Angles

R1
0 =

[cφcθcψ − sφsψ −cφcθsψ − sφcψ cφsθ
sφcθcψ + cφsψ −sφcθsψ + cφcψ sφsθ
−sθcψ sθsψ cθ

]

R1
0 = Rz,φ ·Ry,θ ·Rz,ψ r =

[r11 r12 r13r21 r22 r23r31 r32 r33

]
2.1 Case sθ > 0

θ = atan2
(
r33,

√
1− r2

33

)
φ = atan2(r13, r23) ψ = atan2(−r31, r32)

2.2 Case sθ < 0

θ = atan2
(
r33,−

√
1− r2

33

)
φ = atan2(−r13,−r23) ψ = atan2(r31,−r32)

3 Homogenous Transformation Matrix

H B


R11 R12 R13 dx
R21 R22 R23 dy
R31 R32 R33 dz

0 0 0 1

 =
[
R d
03 1

]

[
p0

1

]
=H0

1

[
p1

1

]
H−1 =

[
RT −RT d
0 1

]
4 Forward Kinematics
4.1 Exceptions to DH Convention

1. li−1, li parallel

(a) Infinite common normals: pick any
Oi ∈ li

2. li−1, li have a unique point of intersection

(a) Set Oi = li ∩ li−1, choose xi ⊥
(zi−1),xi ⊥ (zi )

(b) xi = ±(zi−1 × zi )

3. li = li−1

(a) Choose Oi−1 to be any point on li ,
xi ⊥ zi

4.2 DH Parameters
• di : displacement between Oi−1,Oi along
zi−1

• ai : length of common normal between
li−1 and li (along xi axis)

• θi : angle from xi−1 to xi measured as RH
rotation about zi−1

• αi : angle from zi−1 to zi measured as RH
rotation about xi

4.3 Consecutive Joint Homogeneous Trans-
forms

H i−1
i =

[
Ri−1
i Oi−1

i
03 1

]
H i−1
i =


cθi −sθi cαi sθi sαi aicθisθi cθi cαi −cθi sαi aisθi
0 sαi cαi di
0 0 0 1


5 Inverse Kinematics

Hd =
[
Rd Od
0 1

]
Find q1, . . . ,qn s.t. H0

n (q1, . . . , qn) =Hd

1. Case 1: n > 6

(a) infinite solutions (redundant robot)

2. Case 2: n = 6

(a) Finite amount of solutions

3. Case 3: n < 6

(a) No solutions

5.1 Kinematic Decoupling

O0
6 =O0

C + d6 · z6 O0
C =O0

6 − d6 ·R0
6z0

Find q1,q2,q3 s.t. O0
C (q1,q2,q3) =O0

6 − d6 ·R0
6z0.

Then compute R0
3(q1,q2,q3). Then, notice R0

6 =
R3

0 ·R
3
6 and calculate:

R3
6 = [R0

3]T Rd

6 Velocity Kinematics
p0 = R0

1p
1 +O0

1 ṗ0 = Ṙ0
1p

1 + Ȯ0
1

6.1 Skew-Symmetric Matrices
Given w = ([wx wy wz])T ,

S(w) =

 0 −wz wy
wz 0 −wx−wy wx 0


6.1.1 Properties of Skew-Symmetric Matrices

S(α · a+ β · b) = αS(a) + βS(b)

S(a)p = a× p RS(a)RT = S(Ra)

ST + S = 0 ST = −S
6.2 Angular Velocity

Ṙ(t) = S(ω(t))R(t) Ṙ0
1(R0

1)T = S(ω0
1)

6.2.1 Special Case: Fixed Axis

ṗ0 =ω0
1 × (R0

1p
1) = S(ω0

1)R0
1p

1 p0 = R0
1p

1

6.2.2 Instantaneous Axis of Rotation
l = {q0 ∈ R : q0 =O0

1 +λw0
1 , λ ∈ R}

R0
1p

1 = λω0
1

6.3 Composition of Angular Velocities

Ṙ0
2 = Ṙ0

1R
1
2 +R0

1Ṙ
1
2 = S(ω0

1 +R0
1ω

1
2)R0

2

ω0
2 =ω0

1+R0
1ω

1
2 ω0

n =ω0
1+R0

1ω
1
2+. . .+R0

n−1ω
n−1
n

7 Robot Jacobian
Suppose p0(t) = F(q(t)). Then ˙p0(t) = ∂F

∂q
(q(t)) ·

˙q(t)

J(q) =
∂F
∂q

(q(t)) J(q) · q̇ =
[
Ȯ0
n

ω0
n

]
=

[
Jv(q)
Jω(q)

]
· q̇

7.1 Linear Velocity Jacobian

Jiv(q) =
{
z0
i−1 joint i is P
z0
i−1 × (O0

n −O0
i−1) joint i is R

Jv =
[
J1
v J2

v . . . Jnv
]

7.2 Angular Velocity Jacobian

Jiω(q) =
{

0 joint i is P
z0
i−1 joint i is R

Jω =
[
J1
ω J2

ω . . . Jnω
]

8 Inverse Velocity Kinematics

Given ξ0 =
[
Ȯ0
n

ω0
n

]
, find q̇

1. Case 1: n > 6

(a) Solvable iff rank(J(q)) = 6

(b) Infinite solutions

2. Case 2: n = 6

(a) Solvable iff J(q) is invertible and has
unique solution

(b) q̇ = J(q)−1ξ0 (rank(J(q)) = 6)

3. Case 3: n < 6

(a) No solutions

8.0.1 Right Pseudoinverse Solution

q̇ = J+(q)ξ0 J+(q) = J(q)T (J(q)J(q))−1

q̇ = J+(q)ξ0 + (I6 − J+(q)J(q))b ∀b ∈ Rn

9 Force/Torque Relationship
τ = J(q)T F0

10 Kinematic Singularities
For a matrix J ∈ R6xn, rank(J(q)) ≤min(6,n).
A joint vector q is a kinematic singularity if

rank(J(q)) <maxrank(J(q))

10.1 n=6 case
Singular ifdet(J(q)) = 0

J ∈ R6xn =
[
J11 J12
J21 J22

]
=

[
J11 0
J21 J22

]
det(J) = det(J11)det(J22) = 0

11 Robot Modelling
11.1 Holonomic Constraints
A holonomic constraint for a sys of N particles
and l constraints is a relation g(ri , . . . , rN ) = 0

g : R3 ×R3 × . . .×R3→ Rl

s.t. g differentiable, ∂g
∂r

full row rank l at each r.

L = {r ∈ R3N : g(r) = 0}

11.2 Constraint Reaction Forces
fc · δr = (λr) · dr = λ(r · dr) = 0

11.3 Generalized Coordinates
r = r(q1, . . . , qn)

(q1, . . . ,qn) are the generalized coordinates
11.4 Degrees of Freedom

# DoF = nB 3 ·N − l
11.5 Parametric Representation

L = {r(q) : q ∈ R}

11.6 Virtual Displacement

δr ∈ R3N , δr =

δr
1
...

δrN


δr B δr ⊥ r {r ∈ R2 : ||r || = l}

r · dr = 0
∂g

∂r
δr = 0 δr =

∂r
∂q
dq

11.7 Lagrange D’Alembent Principle
(Mr̈ − fL) · δr − fc · δr = 0

11.8 Generalized Force

ψB

[
∂r
∂q

]T
fL

fψ = −∇rU + fa ψ = −∇qP + τ

Where fa is the app. force and τ is the generali-
zed app. force
12 Euler Lagrange Equation

d
dt
∇q̇ L−∇q L = τ

τ B

(
∂r
∂q

)T
fa =

∑
i

(
∂ri

∂q

)T
f ia

12.1 Lagragian Equation
L{q, q̇}B K(q, q̇)− P (q) = K − P

12.2 Point Masses
12.2.1 Kinetic Energy

K =
N∑
i=1

Ki =
N∑
i=1

1
2
mi ||ṙi ||2

12.2.2 Potential Energy
Pi =mi · g · hi

12.3 Distributed Mass Systems
12.3.1 Center of Mass

r0
c B

∑
mir

0
i∑

mi

12.3.2 Mass Moment of Inertia

I B
∑
i

miS(d0
i )T S(d0

i ) = −
∑
i

miS(d0
i )2

I =


∑
mi (yi + zi )2 −

∑
mixiyi −

∑
mixizi∑

mixiyi mi (xi + zi )2 −
∑
miyizi∑

mixizi
∑
miyizi

∑
mi (xi + yi )2



12.3.3 Kinetic Energy
ṙ0
i = ṙ0

c − d0
i ×ω

0
1

Ki =
1
2
mi ||ṙi ||2 +

1
2

(ω0
1) · I ·ω0

1

13 Robot Models
13.1 Basic (Lagrangian) Model

J iω =
[
ρ1z

0
0 . . . ρiz

0
i | O3·(n−1)

]
J iv =

[
z0

0 ×O
0
i . . . z0

i−1 × (O0
i −O

0
i−1) | O3·n

]
K(q, q̇) =

1
2
q̇T

∑
i

(
MiJ

i
v(q)T J iv(q) + J iω(q)T IiJ

i
ω(q)

) q̇
P (q) =

n∑
i=1

−Mi (g
0)T r0

ci

13.2 Christoffel Coefficients

Cijk(q) =
∂dik
∂qj

− 1
2

∂dij
∂qk

=
1
2

[
∂kj
∂qi

+
∂ki
∂qj
−
∂ij
∂qk

]

[C(q, q̇)]kj =
N∑
i=1

Cijk(q)q̇i

13.3 Basic (Lagragian) Model EOMs
D(q)q̈+C(q, q̇)q̇+∇qP = τ

13.4 Control (Enhanced) Model EOMs
M(q)q̈+C(q, q̇)q̇+B(q)q̇+∇qP = u

M(q) =D(q) +


r2
1 Jm1

. . .
r2
nJmn


ui = ri

Kmi
Ri

vi

14 Stability of NL Systems
14.1 Positive, Negative, Definite, Semidefinite
A differentiable function V : Rn→ Rn is p.d. at
x if V (x) > 0∀x , x and V (x) = 0.
A differentiable function V is n.d. at x if −V (x)
is p.d. and V (x) = 0.
A differentiable function V is ps.d. at x if V (x) ≥
0 and V (x) = 0.
A differentiable function V is ns.d. at x if V (x) ≤
0 and V (x) = 0.
14.2 Positive Definite Theorem
P is p.d. if all principal leading minors are +ve

M1 = P11 M2 = det
[
P11 P12
P21 P22

]
Mn = detP

14.3 Lyapunov Theorem
Suppose x ∈ Rn is an equilibrium of ẋ = f (x),
and ∃V : RN → R which is p.d. at x s.t. V̇ =
∂V
∂x
f (x) is ns.d. Then x is a stable equilibrium.

If V is n.d. at x, then it is asy. stable.
14.3.1 Lyapunov Functions
Mass-Spring Damper System:

ẋ1 = x2 ẋ2 = − k
m
x1 −

b
m
x2

V (x) =
1
2

(x2
1 + x1x2 + x2

2)

General

V (q, q̇) = K + P =
1
2
q̇TM(q)q̇+

1
2
q̃T Kpq̃

Energy of Tracking Error (Used for passivity
controller)

V =
1
2
rTM(q)r + q̃T P q̃

14.4 Karsovski-LaSalle Invariance Principle
(KL)

Let x be an equilibrium of ẋ = f (x), and sup-
pose ∃V : RN → R which is p.d. at x and
s.t. V̇ = ∂V

∂x
f (x) is ns.d. Then, x is stable and

V̇ (x(t))→ 0 as t→∞. Moreover, if V̇ (x(t)) ≡ 0∀t
implies x(t) ≡ x, then x is asy. stable.

15 Robot Control

q̃ = qr − q ˙̃q = q̇r − q̇

15.1 Decentralized Model

Jmθ̈m +Bmθ̇m = τm − τl

τm = Km · ia Assume
L
R
<<

Jm
Bm

L
dia
dt

+Ria = v −Kbθ̇m

ia ≈
V
R
− Kb
R
θ̇m

J B Jm BB Bm +
KmKb

2
u B

Km
R
V

G(s) =
1

Js2 +Bs
C(s) = (Kp +Kd · s)

15.2 Feedback Linearization (Computed Tor-
que)

Goal: Find ai (= q̈i ) s.t. qi (t)→ qri (t)

q̃i (t) = qri (t)− qi (t)

M(q)a+C(q, q̇) +B(q)q̇+∇qP = u

a = q̈r (t) +Kpq̃+Kd ˙̃q

Kp =


Kp1

. . .
Kpn

 Kd =


Kd1

. . .
Kdn


15.3 PD Control with Gravity Compensation

M(q)q̈+C(q, q̇)q̇+B(q)q̇+∇qP = u

u = Kpq̃+Kd ˙̃q+∇qP

15.4 Passivity Based Controller (Slotine-Li)

r(t) = ˙̃q(t) +Λq̃(t)

r(t)→ 0 as t→∞ r(t) ≡ 0 ⇐⇒ ˙̃q = −Λq̃

M(q)q̈+C(q, q̇)q̇+B(q)q̇+∇qP = u

u =M(q)(q̈r +Λ ˙̃q) +C(q, q̇)(q̇r +Λq̃)+

B(q)q̇+∇qP +K( ˙̃q+Λq̃)

M(q)ṙ +C(q, q̇)r +Kr = 0 r B ˙̃q+Λq̃

K = KT Λ =

λ1
. . .

λn

 , λi > 0

16 Trigonometric Identities

sin(x+ y) = sin(x)cos(y) + sin(y)cos(x)

cos(x+ y) = cos(x)cos(y)− sin(x)sin(y)


