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1 Coordinate Systems, Frames, Geometry
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1.1 Points and Vectors
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1.2 Rotation Matrices

Ry=[2§ o} 7]

1.3 Properties of Rotation Matrices

Ry=(R)" =[2} o} 2]

Ry= |21y i Y 21 Yo

T1+To Y1-To 21T
T1-20 Y1-20 Z1°%0

vt = Révj v? = R%vy
1.4 Orthogonality

Ry =(RY)" = (R))"" R"'=R"'
det(RRT) = det(I) =1 = det(R)* =1



1.5 Elementary Rotations
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1.6 Compositions of Rotations

1.6.1

Case 1: Sequential Transformations

Let R be a coordinate transformation in F1

RY=R)-RL=RY.R

1.6.2 Case 2: Global Transformations

Let R be a coordinate transformation in F0O

RY =R} -Ry)=R-R]

2 Euler Angles
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Ry=R.4 Ryp R.y

2.1 Case sp >0

6 = atan2 <r33, \/1— r§3>

¢ = atan2 (r13,723)
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1 = atan2 (—r31,r32)



2.2 Case sy <0

6 = atan2 <r33, —\/1- r§3)

¢ = atan2 (—ri3, —ra3) ¥ = atan2 (rs1, —rs2)

3 Homogenous Transformation Matrix

Ri1n R Riz d,
H = Ro1 Ros  Ros dy _ |:R d:|
R31 R3» Rz d. 03 1
0 0 0 1
0 1 T T
Pl _ 70 |P -1 _ R —R*d
R e

4 Forward Kinematics

4.1 Exceptions to DH Convention

1. li—la lz parallel

(a) Infinite common normals: pick any O; € [;

2. l;_1,1; have a unique point of intersection

(a) Set O; =1; Nl;_1, choose x; L (z;—1),2z; L (2)
(b) T; = :‘:(Zifl X Zz)

3. lz = Zi,1

(a) Choose O;_; to be any point on l;, z; L z

4.2 DH Parameters
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displacement between O;_1,0; along z;_1
length of common normal between [;_; and ; (along z; axis)
angle from x; 1 to x; measured as RH rotation about z; 1

angle from z;_1 to z; measured as RH rotation about x;



4.3 Consecutive Joint Homogeneous Transforms
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5 Inverse Kinematics

Ry O
e[ 4

Find ¢1,...,qn s:t. H(q1,-..,qn) = Hy
1. Case1: n>6
(a) infinite solutions (redundant robot)
2. Case 2: n=6
(a) Finite amount of solutions
3. Case 3: n <6

(a) No solutions

5.1 Kinematic Decoupling
0820%+d6'26 O%:Og—dGRgZO

Find q1, g2, g3 s-t. O%(q1,42,43) = Of —ds - Rgzo. Then compute R3(q1,q2,3)-
Then, notice R} = R3 - R3 and calculate:

R§ = [R3]" Rq
6 Velocity Kinematics
P’ =Rip'+0! = Rip'+OY

6.1 Skew-Symmetric Matrices

Given w = ([wm Wy szTa

0 —w, Wy
S(w) = | w, 0 —Wyg
—wWy Wy 0



6.1.1 Properties of Skew-Symmetric Matrices
S(a-a+p-b)=aS(a)+ BS(b)
S(a)p=axp RS(a)R" = S(Ra)
sT+s5=0 S"=-5

6.2 Angular Velocity

R(t) = Sw(®)R(t)  RYUR)T = S(w))
6.2.1 Special Case: Fixed Axis
(Rip") = SR p° = Rip

P = Wl
6.2.2 Instantaneous Axis of Rotation
I={"cR: ¢"=0%+ \?, X\ e R}
Rip' = i

6.3 Composition of Angular Velocities

RY = RYRL + RIRL = S(w? + ROwl)RY

0 0 1
Wy =wd + ROw3 Wl =w? 4+ R + ...+ RY_wn™

7 Robot Jacobian

Suppose p(t) = F(q(t)). Then p(t) = £ (q(t)) - q(t)

o) = Gota®) o) i

7.1 Linear Velocity Jacobian

i 22, joint iis P
Jo@) =19 % 0 N0 N e
z) 1 x(0) =07 ;) jointiisR

J,U:[J}) 21

7.2 Angular Velocity Jacobian
: 0 joint i is P
Ji(q) =
(@) {z?l joint iis R

Jo=1[35 32 ... I



8 Inverse Velocity Kinematics

)0
Given ¢° = {8{}} , find ¢

n

1. Case1: n > 6
(a) Solvable iff rank(J(q)) =6

(b) Infinite solutions

2. Case 2: n =06
(a) Solvable iff J(g) is invertible and has unique solution
(b) ¢=J(q)~'¢° (rank(J(q)) = 6)

3. Case 3: n <6

(a) No solutions

8.0.1 Right Pseudoinverse Solution

i=J"()¢"  IT(@) =3 (@) ()"
G=J3(q)e" + (Is — I (q)J(q))b VbeR"

9 Force/Torque Relationship

T=J(q)" F"

10 Kinematic Singularities

For a matrix J € R5" rank(J(g)) < min(6, n).
A joint vector ¢ is a kinematic singularity if

rank(J(g)) < maxrank(J(q))

10.1 n=6 case
Singular ifdet(J(g)) =0

Juu Ji2 Ji 0
J c Rﬁxn _ _
{le J22} |:J21 JzJ

det(J) = det(J11) det(Ja2) =0



11 Robot Modelling

11.1 Holonomic Constraints

A holonomic constraint for a sys of N particles and [ constraints is a relation
g(riy...,rn) =0

g: R3xR3x...xR? > R
s.t. g differentiable, a—f full row rank [ at each r.

L={recR¥ :g(r)=0}

11.2 Constraint Reaction Forces
fer0p=(r)-dr=Ar-dr)=0

11.3 Generalized Coordinates

r:r(q1a"'7Qn)

(q1,---,qn) are the generalized coordinates

11.4 Degrees of Freedom
#DoF=n=3-N—1

11.5 Parametric Representation
L={r(q) :q€R}

11.6 Virtual Displacement

ort
sreR¥N | o= .
orN
Sri=6r Lr {recR*:|r||=1}
r-dr=20 %67"20 5r:g—2dq

11.7 Lagrange D’Alembent Principle
(M# — fr)- 0y — fo-0r =0



11.8 Generalized Force

~_for T
1/): {&J fL

fu ==V U+ fa V==V P+
Where f, is the app. force and 7 is the generalized app. force

12 Euler Lagrange Equation

d
%VQSB—vqgng

or T 87‘i r i
T:<aq> fa:Z:<aq> a
12.1 Lagragian Equation
%{q,q} =K(q.4)— P(¢) =K - P

12.2 Point Masses
12.2.1 Kinetic Energy

K= ZK Z m,HnH

i=1

12.2.2 Potential Energy
Pi=mi-g-hi

12.3 Distributed Mass Systems
12.3.1 Center of Mass

F0 = Zm,;r?
c Z m;

12.3.2 Mass Moment of Inertia

I—Zml S(dNTS(d?) = Zml S(dY)?

>omi(yi + Zz) — > mixy; — > miziz
I= > MiTiY; mi(z; +2)% =Y MYz
Zmixizi Emiyizi Eml(ml + yi)2



12.3.3 Kinetic Energy
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13 Robot Models
13.1 Basic (Lagrangian) Model

ij = [plzg e pizd | 03.(71_1)]
Jo=120x00 ... 20 x(0)-00 1) | Ozl
K(Qv Q) = §qT Z (MiJv(q)T‘]v (q) =+ Jw (Q)TIIJM(Q))‘| q

Pl =) -

i=1

M;(g°)"rl,

13.2 Christoffel Coefficients

Odiy, 10d;; 1 [0k; Oki Oy
Cije(q) = -3 ]—{ L+ - j]
#(0) Jq; 2 Oqy, 2 10q; 9q; Oqx
N
[C(%Q)]kj = Zcijk(Q)Qi
i=1

13.3 Basic (Lagragian) Model EOMs
D(q)i+Clq,4)g+ VP =7

13.4 Control (Enhanced) Model EOMs
M(q)i+ C(q,9)q+ B(q)g+ VP =u

T%J"n
M(q) = D(q) +
T,QLJm
K,
Ui =T U4
R;



14 Stability of NL Systems

14.1 Positive, Negative, Definite, Semidefinite

A differentiable function V : R” — R" is p.d. at Z if V(z) > 0Vz # T and
V(z)=0.

A differentiable function V is n.d. at z if —V(z) is p.d. and V(z) = 0.

A differentiable function V is ps.d. at z if V/(x) > 0 and V(z) = 0.

A differentiable function V' is ns.d. at z if V(z) <0 and V(z) = 0.

14.2 Positive Definite Theorem

P is p.d. if all principal leading minors are +ve

Py P

My = P11 My =det
1 11 2 G[P21 Pyy

} M, = det P

14.3 Lyapunov Theorem

Suppose 7 € R" is an equilibrium of # = f(z), and 3V : RN — R which is p.d.
at zst. V= %—‘;f(x) is ns.d. Then Z is a stable equilibrium. If V is n.d. at Z,
then it is asy. stable.

14.3.1 Lyapunov Functions

Mass-Spring Damper System:

. . k b
T1 =2 T2 =——"T1 — —T2
m m

1
V(z) = Q(If + 212 + 73)
General
) 1. A VN
V(g,§) =K +P= 54 M(q)q + 54" Kyl

Energy of Tracking Error (Used for passivity controller)

1
V= gr'M(gr+q"Pq

14.4 Karsovski-LaSalle Invariance Principle (KL)

Let  be an equilibrium of & = f(z), and suppose 3V : ]RN — R which is p.d.
at z and s.t. V = %—Zf(x) is ns.d. Then, Z is stable and V(x(t)) — 0 as t — oo.
Moreover, if V(x(t)) = 0 Vt implies z(t) = Z, then Z is asy. stable.
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15 Robot Control

.r

i=d" —q =4~

15.1 Decentralized Model

Jmem + Bmem =Tm — Tl

L Im
Tm = Km . ia Assume E << Bf

diq . .
LéJrRza:v—K,,am
) V K,
a%*_igm
“RTR
K, K, K

> “T RV

J=Jn,B=B,+

1

Gls) = Js2 + Bs

C(s) = (Kp + K- s)

15.2 Feedback Linearization (Computed Torque)
Goal: Find a;(= §;) s.t. ¢;(t) — ¢F(t)

Gi(t) = ¢ (t) — ¢i(t)

M(q)a+C(q,q) + B(q)g+ VP =u
a=q"(t) + Kpg + Kag

K Kq,

P1

K, = K;=
K

Pn Kq

n

15.3 PD Control with Gravity Compensation
M(q)q+C(q,4)q+ B(q)q+ VP =u
u=K,G+ Ky +V,P

11



15.4 Passivity Based Controller (Slotine-Li)

r(t) = q(t) + Aq(t)
rt)=>0ast—o0 7(t)=0 < §=—A§

M(q)i+C(q,9)q+ B(q)qg+ V4P =u
w=M(q)(§" + A + Clg, §)(§" + Ag)+

B(q)§+ VP + K (G + Ag)
M(q)i+C(q,q)r + Kr=0 r:=q+Agd
A1
K=K A= ] LA >0
An

16 Trigonometric Identities

sin(z + y) = sin(z) cos(y) + sin(y) cos(x)
cos(x + y) = cos(z) cos(y) — sin(z) sin(y)
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